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S. Fujii 

M.Gomi 

K. Eguchi 

National Aerospace Laboratory, 
Chofu, Tokyo, Japan 

A Remote Laser-Probe System for 
Velocity and Temperature 
Measurements 
This paper demonstrates the feasibility of simultaneously making velocity and 
temperature measurements by the combined use of a laser Doppler velocimeter and 
coherent anti-Stokes Raman scattering. The test area and control room were 
separated to avoid hostile surroundings in the combustion area. Data on probability 
density functions of velocity and temperature are given for reacting flows around a 
bluff-body flame stabilizer. 

Introduction 

Laser probe for use as a diagnostic tool for fluid problems 
has received much attention. LDV (Laser Doppler 
Velocimeter) has been widely utilized and continuously 
provides data on fluid velocities. CARS (Coherent Anti-
Stokes Raman Scattering or Spectroscopy) also is a promising 
technique that can provide important passive scalar variables 
such as temperature, density, and major concentrations in a 
chemically reacting flowfield. 

The LDV signal is generated by Mie scattering, an elastic 
collision process between laser light and seeded particles. In 
contrast, the CARS signal depends upon an energy exchange 
between laser light and the gas molecules to be detected. 
Therefore there is no necessity for seeding the particles. A 
benefit from selecting the CARS method, among the many 
Raman scattering techniques, is that a strong and coherent 
signal can be produced even in high interference situations. 
The theory and practical operation of both LDV and CARS 
have been discussed abundantly in the literature. For con
venience, some of the plentiful references are cited herein for 
LDV [1-3] and CARS [4-8]. 

For the next step, it is possible that we conceive of a probe 
capable of simultaneously determining flow velocities and 
passive scalars in a nonintrusive manner. Such a development 
of light scattering measurements will lead to better un
derstanding of the turbulence/combustion interaction and of 
heat/mass transfer mechanisms. Some attempts have already 
been reported [9-11], where the LDV and normal Raman 
scattering techniques, instead of CARS, were combined to 
furnish temperature-velocity correlation data. 

The main thrust of this study is to realize a universal laser-
probe system by a combined use of the LDV and CARS 
methods. The next aim is an extension of the work by the 
present authors, made on a bluff-body flame stabilizer [12, 
13]. We will demonstrate the feasibility of an automated, 

remote LDV/CARS system and give some experimental data 
of pdf's (probability density functions) for the velocity and 
temperature in turbulent reacting recirculation flows. 

Laser Aspects 

Remote Transmitting and Receiving of Lasers for CARS. 
The CARS systems [6-8] have been applied to real-world 
applications, where the physical environment is often hostile 
to delicate instruments and high-powered lasers. For those 
experiments, Jet A liquid fuel, gasoline and H2 - air diffusion 
mixture were employed, respectively, while the present 
authors used a premixed propane/air mixture to make flame. 
Furthermore, our test area was shared with many other 
combustion test facilities operated in parallel. Therefore, the 
noise and vibration, radicals and soot were much more intense 
in this experiment, and then a remote probing system was 
adopted for the CARS laser in determining temperatures. The 
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Fig. 1 Schematic of tubing for laser transmission, control room, and 
test area 
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Fig. 2 Traverse bench and optical alignments 

laser source and electronic equipment were placed in a room 
with benign surroundings and isolated from the combustion 
enclosure in the test area (Fig. 1). Laser beams necessary for 
the CARS signal were sent through a 150-mm dia steel pipe 
with mirrors equipped at all seven elbows. Most parts of the 
conduit were hung from the ceiling of the laboratory building. 
At the end of the 50-meter long pipe, the laser beams were 
delivered to a traverse bench. Due to the long distance 
travelled, very careful adjustments were required for every 
beam path. The mirrors used in the pipe were manually 
prealigned in three dimensions and multicoated to assure high 
transmission efficiency. Each mirror had a 98 percent 
reflection quality, coated for wavelengths of 530 to 620 nm. 

The CARS signal generated on the traverse bench was 
transmitted back to the operator's room by an optical fiber 
running inside the laser conduit. A 100 f«n core-diameter fiber 
was chosen as a tradeoff between signal/noise ratios and 
spectral resolution [14]. 

The Nd-YAG and dye laser system reported in reference 
[15], was upgraded to a system with a basic beam energy of 
700 mJ/pulse (Molectron MY34 and DL-18). The fun
damental wavelength of 1064 nm, 15 ns duration at 20 Hz, 
was sequentially doubled into two beams of green light (532 
nm). A tunable dye was modified for use in broadband lasing 
and pumped by one of the green beams. The dye spectrum was 
centered at 606 nm of red light with about 6 nm full-width at 
half height (FWHH). The green and red lights thus generated 
were mixed in one beam for transmission. The beam diameter 
was enlarged at its source by a 3X telescope to reduce heat 
damage on the mirror surfaces. 

LDV System. Our experience has shown that the LDV 
system is not sensitive to adverse physical surroundings 
characteristic of combustion areas, primarily because the Mie 
scattering technique does not require the use of a high-
powered laser. Therefore, to avoid complexities, the LDV and 
its microprocessor were located as close as possible to the test 
stand. The LDV system employed in this experiment was the 
same as that reported in the references [12, 13, 16], except that 
a microprocessor replaced the minicomputer. The main 
feature is that an in-house processor was incorporated in the 
frequency tracker to achieve one validate signal per each 

particle. In order to sense reverse flows, velocity frequency 
offset was achieved by combining the primary and modulated 
beams at the detection volume where they generated moving 
fringes. Further details were given in references [12, 13, 17]. 

Optical Arrangements of CARS and LDV. On the traverse 
bench, (Fig. 2), all necessary optical elements were rigidly 
positioned by use of appropriate magnetic stands. For the 
CARS optical alignment, the transmitted beam made an 
appearance at the end of the pipe @ and was again split into 
green and red light by dichroics (T) and (2). During the 
passage of collinearly mixed green and red light, a rather 
strong CARS signal was produced from atmospheric nitrogen 
in the conduit. Therefore a dichroic (9) was set to eliminate 
the undesirable CARS signal in the green beam path. The 
signal split off in the red side was very weak and did not have 
an appreciable effect on the measurement. To make a final 
alignment, the green and red lights were again colinearly 
mixed at (lj) and focused by the same lens (l_3) as that used 
in the LDV. The use of the same lens for both the CARS and 
LDV yielded a common focal point in space. 

The focal length of the field lens @, @ was 104 mm. In 
front of lens @ , the beam diameters were evaluated as 3 
mm (CARS) and 1 mm (LDV) at 1/e2 in assuming the 
Gaussian distribution of beam profiles. Sampling volumes 
were estimated as follows. First, the axial distance in 
generating the major CARS signal was determined from the 
experimental data on CARS signal attenuation levels when a 
C 0 2 gas jet of different sizes was used at the focal point at 
room temperature. Next, other dimensions were calculated by 
use of such parameters as focal length, wavelength, beam 
diameter, and beam cross angle (for LDV). The results were 
35 /xm (dia.) and 10 mm (length) for the CARS and 60 /mi x 
0.3 mm for the LDV. 

A 15-mW HeNe laser beam for the LDV was led by a two
fold reflection from the laser tube hung at the bench side and 
then split to achieve dual beam fringes at the sensing volume. 
The LDV signal generated was selectively passed through 
dichroic mirrors @, @ , interference filters @ , (22J, 
and finally received at a 100-MHz photomultiplier @. 
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Fig. 3 Bluff-body combustor (units in mm) 

Data Acquisition System 

The transmitted CARS signal was dispersed in a 
monochromator (Japan Spectro. Co. CT-100C, 1.0 meter, 
diffractive grating = 0.45 nm/mm). The slitwidth of the 
monochromator was set at 100 /xm which coincided with the 
fiber diameter. As shown in Fig. 2 by two dichroics (lj), 
@ , a novel means was used to separate the anti-Stokes 
signal from the pump and dye beams with multireflections on 
opposite sides of the dichroics. Because we used such a device 
together with the fiber coupling, there was no necessity for 
doubling the monochromator to reject stray light. The signal 
thus selected was sensed by an intensified vidicon and 
transferred onto a minicomputer disk with the help of an 
optical multi-channel analyzer (Princeton Appl. Research, 
OMA-2). 

The main feature of the present system is that the computer 
was programmed to control the timing and number of both 
laser shots and data to be acquired. A set of the measured 
data by the CARS was stored on a magnetic tape of the 
minicomputer and then analyzed on a large-scale central 
computer to determine instantaneous temperatures. 

The LDV data acquisition was made in the test area. A 
microprocessor with a floppy disk was used to compute a 
histogram of velocity probability density over 1000 events. 
The mean and turbulent velocity was determined with a high 
degree of confidence in the same manner as those of the 
references [12, 13, 16-18]. 

Experiment 

Temperature Determination by CARS. Only minimal 
details of the CARS thermometry are given here, since the 
data collection/reduction are described in reference [15]. The 
present scheme depends entirely on a Q-branch broadband 
spectrum from atmospheric nitrogen which is a major inert 
gas in combustion flows. It is assumed that the CARS 
spectrum is only a function of gas temperature. Effects of 
pressure, of the rotational quantum number, of the Doppler 
broadening, and of the pump-laser bandwidth on the Raman 
spectral linewidth are neglected. The principle of the ther
mometry is to infer instantaneous temperature by giving the 
best fit of a calculated spectrum to an experimentally 
determined one. For molecules of large concentration, only a 
relative shape of the spectrum is needed to determine tem
perature because the spectrum may be almost free of 
nonresonant electronic contributions. In this experiment, 
therefore, measured intensities were normalized after sub-

-

CALCULATION (1600K1 
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Fig. 4 Curve fitting of calculated spectrum to measured data (un
certainty of inferred temperature: ± 30 degrees) 

traction of OMA background noise. The average number of 
photoelectrons was roughly 6000 per spectral interval at the 
peak of the whole Q-branch spectra and hence any error due 
to statistical fluctuations was not considered. To achieve a 
repetition rate of 20 Hz, a rather high scanning speed of 40 fis 
for one channel was chosen but with a reading of about 80 
percent of the stored signal in a tube. 

There are time-dependent variations in pulse-to-pulse 
energy levels of the Stokes and pump lasers. However, these 
variations can be removed by the normalization of each pulse 
because they contribute to absolute intensity rather than band 
profile. There may be more fluctuations in the dye signal that 
vary with time from one wavenumber to another. To com
pensate for such fluctuations, a reference cell using liquid 
water was employed in the basic system by the authors [15]. 
However, in a series of the tests made afterwards, there was 
only a slight difference found in the rms values of measured 
temperature with and without the employment of the 
reference cell. Furthermore, it required a rather lengthy time 
to make a precise adjustment of focal points and laser in
tensities in both the combustion gas and water cell, because 
we used the laser energy flux just below the breakdown limit. 
Therefore the water reference was not made in the present 
remote-probe system from a practical point of view. 

Prior to all measurements, an experimental uncertainty for 
temperature repeatability was checked in quiescent room air. 
The calculated spectrum was convoluted by use of a Gaussian 
fit. A resolution of 2.0 cm ~' (FWHH) gave rise to the best fit. 
The test results was that a standard deviation of 100 event 
temperature histograms was about 30 degrees. 

Burner and Test Procedure. A bluff body-flame stabilizer 
used in this experiment is reproduced in Fig. 3. The burner 
assembly was mounted on a two-demensionally translatable 
slide. Vertical movements were made by the traverse bench. It 
was positioned with a precision of 0.5 mm. Propane/air was 
premixed at different equivalence ratios and oncoming flow 
velocity was kept constant at 10 m/s in front of the bluff-
body. 

The main objective of the experiment was to simply make a 
simultaneous measurement of velocity and temperature by use 
of the common focal lens, when the low- and high-power 
lasers coexisted, together with illuminated seeded particles 
(TiOz). Therefore to obtain data on velocity-temperature 
correlation was considered beyond the scope of this study. In 
the test, one hundred YAG laser pulses were fired at 20 Hz to 
complete a point measurement. In compliance with the CARS 
measurement time, care was taken to finish one thousand 
events of the LDV measurement in about five seconds. The set 
of 100 and 1000 events was chosen as a preliminary test result 
in which there was no appreciable change in the mean, rms, 
skewness, and flatness factors of histograms as the number of 
events increased beyond 100 for the CARS and 1000 for the 
LDV. It can be understood that the data obtained in this way 
was taken for almost the same sampling volume in space and 
for roughly the same time duration. 
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Fig. 5 Effect of equivalence ratios on temperature and velocity 
histograms (uncertainty of temperature: ±30 degrees; of velocity: ±0.2 
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Fig. 6 Temperature and velocity fluctuations near rear the stagnation 
point of recirculating flow (uncertainty of temperature: ± 30 degrees; of 
velocity: ± 0.2 m/s) 

Experimental Results and Discussion. Figure 4 is an The comparison method of using a whole spectrum could 
example of the best-fit curve and the experimental data in the reduce the error due to a local scatter of the measured data. 
Q-branch spectrum, with an inferred temperature of 1600 K. Typical results are shown in Figs. 5 to 7, with each of the 
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Fig. 7 Temperature and velocity data at <j> = 0.7 with downstream 
traverse (uncertainty of positioning of measured point: 0.5 mm) 

measuring points illustrated. The axis of the sampling 
volumes was parallel to the X axis of the holder rod (see Fig. 
3). Mean and rms values also are indicated for each pair of 
temperature and velocity histograms. Velocity was measured 
only in the main-stream direction. During the tests, it was 
observed that yellow light was scattered from the illuminated 
seed particles, due to strong laser light incidence. However, 
any appreciable interference between the CARS and LDV 
measurements was not noticed. The actual power at the 
measuring point was approximately 8.5 m J /pulse and 45 
mJ/pulse for the Stokes and pump laser beams. 

A visible flame was initiated at about 5 mm downstream 
from the flame holder face, for all fuel-air equivalence ratios 
(0) tested. At <f> = 0.7 the center of the visible blue flame was 
slightly V-shaped. As <f> increased, the flame center became 
almost mainstream-wise and extended downstream con
siderably. Therefore the measuring points indicated in Figs. 5 
and 7 were taken in the flame propagating zone, while that of 
Fig. 6 was for the postflame zone near the rear stagnation 
point of recirculating flows. 

As demonstrated in Figs. 5 and 6, the temperature and 
velocity fluctuations concurrently were influenced by a 
change of equivalence ratios. It can also be said that the 
temperature histograms were very similar to the velocity ones, 
although both fields were drastically altered by varying the 
equivalence ratio. Almost the same pdf may be used in 
representing both temperature and velocity in this case. 
However, it should be noted that the repetition rate of data 
sampling was 20 Hz for temperature and roughly 200 Hz for 
velocity. 

As 4> = 0.7, Fig. 7, a traverse along the edge line was made 
in the middle of the flame zone to infer something about the 
turbulence/combustion interaction phenomena. At point (T), 
where combustion was at the initial stage with an attendant 
high-rate of chemical reactions, the temperature and velocity 
showed near Gaussian distributions. Toward downstream, 
but still in regions within the visible flame, as indicated by 
© , (5), the main flow gradually intruded into the flame 

zone and therefore the mean temperature was lowered with a 
remarkably large rms value. It is clearly shown that cold and 
hot flows occasionally came into contact. This may be due to 
the existence of cold spikes and low temperature transients, in 
hot gas, as was pointed out [19]. At the far downstream point 
(5), where chemical reactions were probably slow but still 
taking place, the temperature and velocity histograms were of 
opposite polarities and showed considerably different pdf's. 
This observation may be an extreme case where significant 
inhomogeneities in temperatures could exist in a near 
Gaussian distribution of turbulent velocities. Further work is 
needed to obtain exact velocity-temperature correlation data. 

Conclusions 

We could demonstrate the feasibility of a computerized, 
remote laser-probe system by a combined use of LDV and 
CARS. The main features of the system are as follows: The 
high-power laser beams were transmitted for about 50 meters 
and then the CARS signal was sent back to the operator's 
room by fiber optics. The minicomputer controlled both the 
rates of the laser shot and data acquisition. A common focal 
lens was used at the measuring point for both CARS and 
LDV. 

Data were obtained for recirculating turbulent reacting 
flows around the bluff-body flame stabilizer. The pdf's of the 
temperature and velocity were roughly similar except when 
temperature inhomogeneity was extremely significant. When 
the mainstream intruded in the flame zone, the temperature 
fluctuations became large due to cold spikes in the hot gas. 
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Interaction of an Acoustic 
Disturbance and a Two-
Dimensional Turbulent Jet: 
Experimental Data 
An experimental study was performed to determine the effects a periodic acoustic 
disturbance had upon a two-dimensional turbulent jet in both the initial and 
similarity regions. Correlation and energy spectra measurements in the initial region 
indicate that acoustic forcing within a certain frequency range is capable of 
restructuring the flow in this region. In particular, these measurements suggest the 
presence of vortical flow structures arranged symmetrically with respect to the jet 
centerline. Measurements of the mean and turbulent flow structure in the similarity 
region of the jet indicate strong acoustically induced effects. Evidence suggests that 
the interaction effects observed in the similarity region are intimately related to 
those in the initial region. 

Introduction 
It is a well known fact that the properties of jet flows may 

be altered by the application of some type of periodic forcing 
such as acoustic excitation. Early studies of the interaction 
between sound and jet flows usually involved the 
documentation of an acoustically induced early transition 
from laminar to turbulent flow [1-4]. More recently, studies 
have dealt with the effects of acoustic interaction on the 
structure of turbulent jets (such as increases in widening rate) 
[5,6]. 

A detailed study of the response of a turbulent plane jet to 
acoustic excitation was performed by Chambers [7, 8]. It was 
found that acoustic fields of wide frequency range produced 
changes in the structure of the mean flow. Certain frequencies 
were found to increase the turbulent intensities and Reynolds 
stresses in the main region of the jet. It appeared that the 
effects of the acoustic interaction diminished with down
stream distance. Chambers also concluded from his study that 
the interaction of the acoustic disturbance with the jet 
originates in the shear layers in the initial region of the flow. 

Along with the recent recognition of quasi-deterministic 
vortical structures in the initial regions of turbulent jets have 
come studies of the effects of acoustic forcing upon these 
structures [9-13]. Evidence suggests that acoustic forcing 
strongly influences the initial region of jets through an 
augmentation of coherent structures. In fact some studies 
have essentially used acoustic forcing as a "tool" by which 
these structures may be enhanced for study. 

The work to be presented describes the response of the 
planar jet to acoustic excitation. It is demonstrated that two-
dimensional jets may be much more sensitive to external 
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disturbances than the work by Chambers or Thompson [14] 
would suggest. Data are now presented which demonstrate the 
effect of acoustic forcing on vortical flow structures in the 
initial region, and the associated effects in the main region of 
the flow. 

Experimental Set-Up 
Figure 1 shows a schematic of the set-up. The air to the jet 

was powered by a large, adjustable centrifugal blower. A heat 
exchanger, large annular muffler and a chamber lined and 
partly filled with acoustic absorption material were upstream 
of the nozzle. The flow was controllable to within 1 percent of 
the desired operating value. 

The plenum chamber contained three turbulence reducing 
screens and ended in a smooth two-dimensional contraction 
that accelerated the flow into another rectangular passage that 
led to the nozzle. This passage contained aluminum 
honeycomb as well as several turbulence reducing screens of 
various mesh sizes. Downstream of the final grid the duct 
formed a gradual two-dimensional contraction to the main 
nozzle. In all the experiments the jet was operated at a 
Reynolds number of approximately 6000 which corresponded 
to an exit velocity of 15.28 m/s (50.15 ft/s). The nozzle was 
0.64 cm x 30.48 cm (0.25 in. x 12 in.). The confining plates 
extended 152 (5 ft) cm in the axial direction and were 91.4 cm 
(3 ft) wide. The nozzle consisted of a rapidly converging wall, 
with an additional 0.64 cm (0.25 in.) straight section prior to 
the point of exhaust. The nozzle exit boundary layers were 
laminar and agreed well with the Blasius flat plate solution. 
The free stream turbulence intensity at the jet exit was about 
0.2 percent while the momentum thickness of the boundary 
layer at the nozzle exit was 86 /xm. The exit velocity profile 
was flat away from the boundary layer and, hence, exhibited 
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the classic "top-hat" shape. The need to perform the acoustic 
interaction experiments in a quiet environment was met by 
utilizing a large anechoic chamber with dimensions of 3.66 m 
(12 ft) on each side. 

The acoustic excitation was accomplished by means of a 
Bruel and Kjaer Beat Frequency Oscillator (type 1022) and an 
Altec 290E acoustic driver and horn assembly. The exit end of 
the horn was rectangular in shape with dimensions 18.42 cm 
(7.25 in.) by 48.26 cm (19 in.) and the width of the horn in
creased exponentially with distance along an axis per
pendicular to its exit. The position of the horn relative to the 
flow field may be seen in Fig. 1. 

In most of the tests the sound pressure level was kept 
constant. For this reason, a one-inch Bruel and Kjaer 
microphone was mounted at the edge of the flow field on the 
opposite side of the jet from the horn to monitor and set the 
sound pressure level at 105 dB SPL re 20^N/m2. Checks were 
made to confirm that the acoustic field was essentially planar. 
(Weak resonant modes were found, using phase-matched 
microphones, but sound pressure level profiles indicated that 
the planar mode, which was dominant throughout the region 
of primary interest, was primarily of the progressive wave 
type.) Measurements along the jet centerline from x/D = 5 to 
75 showed values for the SPL that were essentially constant. 

The level used for the disturbing signal was selected 
somewhat arbitrarily at the beginning of the study. Later 
checks confirmed that fortunately this level was close to that 
giving the maximum effects on the flow field. However, levels 
as low as 70 dB were tested and showed their ability to excite 
the same modes as now reported, and hence give credence to 
the generality of the trends observed. The data is submitted in 
two parts, one for the "similarity" region (for X/D > 20), 
the other for the "initial" region (for X/D < 20). 

Measurements in the Similarity Region 

(a) Widening Rates. The frequency range of the acoustic 
excitation was from 200 to 4200 Hz, which corresponds to a 
Strouhal number, St0 , range of 0.083 to 1.745. The widening 
rate at each excitation frequency was obtained from a series of 
six profiles (all obtained from pitot tube traverses) at different 

X/D stations within the similarity region of the jet in which 

B .. / X 

ID 
= j r ' ( ir+ c ' ) (i) 

The nondimensional widening rate, Kx, is shown as a function 
of excitation Strouhal number in Fig. 2; large increases in 
widening rate over the no sound values (those for which StD 

= 0) are seen and these increases are frequency dependent. In 
some instances, such as near StD = 0.38, there appears to be a 
slight suppression from the no-sound level; there is no clear 
reason for this although similar effects have been observed by 
others [4, 10]. Little variation in widening rate is observed for 
Strouhal numbers greater than 1.0. Particularly large in
creases are noted to be centered at Strouhal numbers of 0.29, 
0.34, 0.42, and 0.48. The response of the jet is noted to be 
quite sensitive to excitation Strouhal number and increases in 
widening rate of up to 45 percent over no sound levels are 
observed. The extreme sensitivity of the mean flow to applied 
acoustic excitation over the indicated realm of frequencies is 
thus demonstrated. 

(6) Turbulence Intensities. The longitudinal turbulence 

intensity "siu2/UM, was measured along the centerline of the 
jet under different applied acoustic excitation conditons. 
Conventional "straight wire" DISA 55F11 probes were used 
in conjunction with TSI 1050 series anemometers. Data were 
taken along the jet centerline from X/D = 0 out to X/D = 75 
for the excitation conditions of no sound, 700 Hz (StD = 
0.29) and 1600 Hz (Stfl = 0.67). The results of two separate 
trials of the experiment are shown in Figs. 3 and 4. Figure 4 
shows a dramatic departure from the behavior noted in the 
first trial plotted in Fig. 3. As in the first trial, the 1600 Hz 
data increases most rapidly and shows values above the no-
sound level for regions at least up to X/D = 20. However, the 
700 Hz case shows different behavior for both trials. The data 
were repeatable once locking onto one of the modes took 
place. 

In order to answer the question of how two apparently 
identical trials of the same experiment could yield such 
disparate results, a straight wire probe was mounted on the jet 

Nomenclature 

B = jet half-width, defined as the 
lateral location where U = 
UM/2 

C, = jet geometric origin 
D = nozzle width 

fc = correlation function frequency 
fe = excitation frequency UM 

St0 = Strouhal number = Fd/U0 U0 

u = longitudinal velocity flue- v 
tuation X 

U = local mean velocity Y 

= local centerline mean velocity 
= nozzle exit velocity 
= lateral velocity fluctuation 
= longitudinal coordinate 
= lateral coordinate 
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centerline at a special X/D position and the longitudinal 
turbulence intensity was measured as a function of excitation 
Strouhal number. Figure 5 shows the results of such 
measurements made at X/D = 20. It is seen that the ap
plication of sound can cause tremendous increases in the 
turbulence intensity levels. In addition, the response curve of 
the centerline turbulence intensity is highly correlated with the 
widening rate data shown in Fig. 2. These data indicate the 
extreme frequency selectivity of the turbulent structure of the 
jet. In particular regions of the plotted data it may be seen 
that small changes in Strouhal number can produce large 
changes in the corresponding turbulent intensity levels in the 
flow. This extreme sensitivity to the applied sound may well 
explain the anomalous behaivor noted in the experimental 
results plotted in Figs. 3 and 4, where wide variation was 
observed when the jet was excited at 700 Hz, which is 
equivalent to a Strouhal number of about 0.29. 

Additional measurements of the effect of acoustic in
teraction of the turbulent structure of the jet were performed. 
The centerline variation of lateral turbulence intensity, 
"slv2/UM, was measured as well as lateral profiles of 
longitudinal intensity, lateral intensity, and nondimensional 
Reynolds stress at X/D = 20, 40, and 60. The acoustic ex
citation conditions were again no sound, 700 Hz and 1600 Hz. 
The measurements were made by utilizing a DISA 5 5A3 8 x-
wire probe operated with two DISA 55D10 linearizers and TSI 
1050 series anemometers. These measurements showed, in 
general, increased values of turbulence intensity and Reynolds 
stress for the 700 Hz excitation condition. Typically there 
were only small differences between the values obtained for 
the no sound and the 1600 Hz cases. However, suppression of 
the 1600 Hz case below no sound levels seemed to be 
associated with cases of highly enhanced 700 Hz values. 
Details of these measurements may be found in Thomas [15]. 

Measurements in the Initial Region 
(a) Space-Time Correlations. Space-time correlations 
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between the signals from two straight wire probes located at 
X/D = 3, and on opposite sides of the jet centerline at Y/B = 
1 and - 1 were taken. The probes were purposely located in 
the free shear layers which originated at the nozzle exit. A 
Saicor Sai-42 Correlation and Probability Analyzer was used 
to form the correlation function. 

The correlation functions were found to be periodic over a 
frequency range from 325 Hz to 1425 Hz which corresponds 
to a Strouhal number range from 0.135 to 0.592. It was over 
this range that terminology such as correlation function 
frequency, /t. as well as phase difference between successive 
maxima was applicable hinting at an orderly structure in the 
flow induced by the acoustic excitation. It is interesting to 
note that the range of excitation where the apparent ordering 

136/Vol. 105, JUNE 1983 Transactions of the ASME 

Downloaded 02 Jun 2010 to 171.66.16.90. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



5 5 

= 4 

0, 
0 

• • » • • • • • • • • • • • • * • . 

• • • OM •«* • •» • « 

.1 .2 

Strouhal Number 
Fig. 6 Strouhal number, dependence of the frequency ratio, 1e/1c 

rr 

4r 

3 : 

2-

I • 

0-

-I 

-2 

-3 

-4 

_ T _ _ _ . 

- \ 
• 

1 1 1 1 1 I 1 

.1 .7 

Fig. 7 

.2 .3 .4 .5 .6 

Strouhal Number 

Strouhal number (excitation) dependence of phase angh 

of the flow occurred was the same range where most of the 
acoustic interaction "activity" was observed in the previous 
measurements. 

The results of the space-time correlation measurements are 
shown in Figs. 6 and 7. It should be noted that the low 
frequency limit of the data presented was due to instrumental 
limitations and the nature of the response of the jet to ex
citation frequencies lower than the limiting value of this data 
is open to speculation. The upper lirnit of the data was 
determined to be the excitation frequency at which the 
correlation function was no longer periodic. 

Figure 6 shows that the application of acoustic excitation to 
the jet over the range of frequencies indicated by the data has 
a profound impact on the organization and rate of creation of 
eddy structures in the flow. The correlation function exhibits 
frequencies that are equal to either 1, 1/2, or 1/4 times the 
excitation frequency. The frequency ratio is observed to vary 
with excitation Strouhal number in a step-wise manner; the 
acoustic excitation organizes the flow and regulates the 
frequency of formation of structures whose passage results in 
the measured periodic correlation functions. From these data 
it would appear that there exists a preferred frequency of 
formation of eddy structures in the initial region of the jet. 
Forcing the jet acoustically at frequencies other than the 
preferred frequency results in the jet shifting to a formation 
frequency that is a harmonic or subharmonic of the preferred 
frequency (see, also, [11]). 

The phase relationship between the two anemometer signals 
at XID = 3 is plotted as a function of excitation Strouhal 
number in Fig. 7. From this plot it may be observed that the 
anemometer signals are initially on the order of ± TT radians 
out of phase. For higher excitation frequencies the data show 
a tendency toward smaller phase angles. It may be noted that 
the drop to smaller phase angles tends to occur in rather 
discrete steps. For a wide range of excitation frequencies, the 
two hot wire signals are seen to be at least approximately in 
phase. It appears then, that the application of acoustic ex
citation to the jet organizes the eddy structures discussed 
previously in such a way that they are axisymmetrically 
distributed. It is of interest to note that the region of ex
citation frequency which displays the near zero phase angles is 
associated with the greatest jet widening rates and highest 
longitudinal turbulence intensities displayed in Figs. 2 and 5, 
respectively. Thus, it appears that the interaction effects that 

have been measured in the main region of the jet are related to 
the ordering of the flow in the initial region. 

In another experiment the probe pair was moved down
stream in an effort to determine how the correlation function 
for selected excitation frequencies changed with downstream 
distances. The excitation frequencies of 700 Hz and 900 Hz 
were chosen for these measurements. The 700 Hz frequency 
was selected because detailed measurements of widening rate 
and turbulence intensity were made at this frequency which 
has also within the range where the correlation function was 
periodic. The 900 Hz frequency was chosen because it was 
near the center of the frequency range where the correlation 
function showed periodicity. The correlation functions in this 
region of excitation frequency also exhibited the greatest 
amplitudes. 

The measurements were made at selected downstream 
positions with the probes on opposite sides of the jet cen-
terline, just as they were for the experiments which were done 
at XID = 3. Downstream correlation measurements were 
made until further increases in XID resulted in the loss of 
periodicity of the correlation function. 

The results are shown in Figs. 8 and 9. Figure 8, at least for 
the higher excitation frequency, shows a sudden change in the 
correlation frequency with XID = 7. This may un
derstandably correspond to the end of the potential core and 
the merging of the two shear layers originating at the mouth 
of the jet. In spite of the high background turbulence 
developing, there is a measurable periodicity of the pattern 
excited by the 900 Hz frequency as far downstream as XID = 
14. The periodicity for the 700 Hz excitation, however, was 
either lost in the background noise at around an XID of 6 or 
did not surface beyond the merging of the shear layers. The 
permanence of a symmetric pattern, for at least these two 
excitation frequencies leading to notable increases in the 
widening rates, is shown in Fig. 9. This is to be compared with 
the recognition that for undisturbed jets there is at best a weak 
correlation corresponding to antisymmetric patterns [11, 12]. 

(b) Energy Spectra. In order to further quantify the 
nature of the flow in the initial region of the jet, 
measurements were made of the energy spectra of the 
longitudinal velocity fluctuations, the measurements were 
made with a straight wire probe placed at XID = 3, Y/B = 1. 
This probe was operated in conjunction with a Thermo 
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The no sound spectrum is shown in Fig. 10. This spectrum 
is observed to have a broadband appearance with the ex-
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ception of peaks which are observed at 425, 760, 1040, and 
1180 Hz (corresponding to Strouhal numbers of .18, .31, .44, 
and .49, respectively.). The 700 Hz case spectrum is shown in 
Fig. 11. It can be seen from this figure that the application of 
an acoustic disturbance to the jet has altered the nature of the 
energy spectrum. The general broadhead appearance which 
characterized the no sound spectrum is observed to give way 
to a spectrum which contains discrete peaks superimposed on 
a broadband background. In particular, the peak that occurs 
at the first subharmonic of the excitation frequency, 350 Hz, 
is by far the largest. There is also a substantial peak at 700 Hz 
and higher harmonics are present. Their amplitudes are quite 
small and they are most likely Fourier components that result 
from the distorted sinusoidal anemometer signals that 
characterize the excited flow in this region. 
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The most dramatic effects are observed when the jet is 
excited at 850 Hz, (StD = 0.36), as may be noted from Fig. 
12. Nearly all of the fluctuation energy is contained in the first 
subharmonic of the excitation frequency, 425 Hz (Stc = .18). 
The broadhead portion of the spectrum is lost and the flow is 
even more ordered than in the previous case. 

Additional spectra showed that the more ordered the flow 
was (in the spectral sense), the closer it was to having its 
primary peak near 425 Hz. in other words, the spectra were 
most ordered when the jet was excited at a frequency close to 
850 Hz. 

Summary and Conclusions 
The widening rate data showed the greatest increases for 

excitation centered about Strouhal numbers of about 0.34 and 
0.42. This compares well with the enhanced jet widening 
which was observed by Kaiser [6] in a two-dimensional jet at a 
Strouhal number 0.42 and by Chambers [8] at 0.38. However, 
the increases noted in this work were generally of far larger 
amplitude. 

The increases in widening rate are accompanied by in
creases in the measured turbulence intensities which, when 
plotted as a function of Strouhal number, directly parallel the 
frequency response of the widenirig rate data, the largest 
increases occurring at StD equal to 0.34 and 0.44. 

Measurements in the initial region indicate a restructuring 
of the flow due to the application of acoustic excitation. 

Of significance is the fact that the frequency range over 
which both the correlation functions and energy spectra 
obtained in the initial region of the jet show the greatest 
changes is the same as the range which produces the largest 
effects on widening rate and turbulence intensity in the main 
region. The organization imparted to the flow in the initial 
region is directly related to the effects that are measured 
downstream in the main region of the flow. 

Certain characteristics of the large scale turbulent struc
tures are noted under the presence of acoustic excitation 
frequencies leading to increased widening rates. These 
structures appear to move from an antisymmetric array to a 
symmetric pattern as the excitation frequencies enter the 
range of notable increases in the widening rate. 
Simultaneously, the structural frequency in the initial region 
(seen as a periodicity in the correlation function of the 
velocity on opposite sides of the jet) is noted to be given as 
even fractions of the excitation frequency, decreasing as the 
excitation frequency increases in the sensitive range. There is 
also evidence that in some instances the structural frequency is 
halved as the shear layers merge at X/D = 6 to 7. The spatial 
coherence of the structures was observed to depend strongly 
upon the excitation frequency. For certain frequencies, the 
periodic correlation function was lost near the end of the 
potential core, while at others it was sustained into the nearly 
self-preserving region. 

It was found from the space-time correlation measurements 

that a characteristic structure passage frequency exists for 
excitation in the "sensitive region" and corresponds to a 
Strouhal number of approximately 0.2. The jet always 
responded to acoustic excitation within this region by forming 
structures at or near this frequency. Maximum interaction 
effects were obtained when the jet was excited at frequencies 
whose first subharmonic was near this structure passage 
frequency in the initial region. The spectral measurements 
show that frequencies of excitation in the "sensitive region" 
lead to the formation of a strong peak at the first subhar
monic which dominates the spectrum. The strength of this 
peak is greatest when it occurs at the preferred passage 
frequency that was found to characterize the correlation 
measurements. 
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Effects of Turbulence on the 
Pressure Distribution Around a 
Square Cylinder and Possibility of 
Reduction 
Jf%e« a prismatic structure is subjected to airflow, especially at small angle of wind 
incidence, the separated shear layers may reattach onto the streamwise surface. The 
turbulent mixing in the shear layers and the extrainment of fluid results in highly 
fluctuating and strongly negative pressures under the reattaching shear layers. Wind 
tunnel tests were carried out to determine the pressure distribution around a square 
cylinder. It was found that an increase in turbulence, in particular fine scale tur
bulence, significantly altered the pressure distribution, the transverse force 
characteristic, and hence the galloping behavior of the square cylinder. When small 
vanes were fitted to the corners of the cylinder, and by maintaining a vent between 
the vane and the corner, the magnitude of the negative mean and peak pressure 
coefficients under the shear layer were substantially reduced. 

Introduction 
The pressure distribution around structures, such as tall 

buildings and structures and various types of roof structures, 
has been the subject of numerous studies in recent years. 
Many of these pressure characteristics appear to be associated 
with the behavior of the shear layers separating from the 
leading edge of the structure and in particular the tendency of 
the separated shear layers to reattach intermittently onto the 
surface of the structure at small angle of wind incidence. Very 
high negative pressures could occur in the region near the 
leading edge under the reattaching shear layer. 

A hypothesis relating the high negative pressures and the 
behavior of the separated shear layer was proposed by 
Melbourne [1]. The development of this hypothesis was in
fluenced by the work of Gartshore [2] who studied the effects 
of turbulence on the drag and base pressure of prisms. 
Melbourne's hypothesis, as shown diagrammatically in Fig. 1, 
suggested that the separated shear layer and the pressure 
underneath fluctuate, and for certain conditions of freestream 
turbulence, angle of wind incidence, (and radius of leading 
edge curvature) the shear layer commences to occasionally 
reattach onto the surface. As this occurs, the cavity region 
under the shear layer, which is often referred to as a 
separation bubble, is no longer vented to the freestream. As 
freestream flow over the front of the shear layer accelerates, 
the increased velocity is accompanied by a decrease in 
pressure. This decrease in pressure causes the intial radius of 
curvature of the shear layer to decrease which in turn in-
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creases the local freestream velocity outside the shear layer 
and further decreases the pressure. The freestream turbulence 
of the flow also produces intense turbulent mixing in the shear 
layer and entrainment of fluid from inside the bubble into the 
shear layer. The combined effect of entrainment and a 
decrease of pressure at the boundary causes the reattached 
shear layer to move forward towards the leading edge and this 
produces a reduction in bubble volume and internal pressure. 
This is an unstable process which proceeds until the shear 
layer breaks up into a complete separation again and the 
cavity becomes vented. 

The failure of flat roofs on low rise structures and window 
panels on tall buildings are known to have been caused by the 
occurrence of very high negative pressures on streamwise 
surfaces near a leading edge. Some evidence has been 

Surface under 
re-attaching shear 
layer highest-ve 
pressures occur with 
intermittent 
characteristics 

_ u 

Fluctuating shear 
layer, occasionally 

re-attaching 

^ ^ 

Fig. 1 Region of high negative pressures caused by a reattaching 
shear layer 
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Fig. 2 Sketches of the square cylinder tested in wind tunnel 

presented by Melbourne [1] and Sharp [3] that indicate the 
forward travel of the reattaching shear layer and the oc
currence of very high negative pressure peaks near the leading 
edge. It was also shown that these negative pressure peaks 
could be substantially reduced (in magnitude) by venting the 
bubble under the reattaching shear layer. 

One of the effects of a reattaching shear layer is to cause 
galloping, which results in large amplitude cross-wind 
oscillations for a number of bluff bodies (Parkinson [4, 5]; 
Novak [6, 7, 8], and others). It can be shown that in the 
presence of a wind normal to a face, any cross-wind motion of 
the structure (which effectively creates an angle of wind in
cidence) will create a pressure distribution around the section 
which results in a transverse force Fy in the direction of the 
motion so that the cross-wind displacement increase further. 
A positive slope of the transverse force coefficient 
dCFy/da>0 is a well known criterion for galloping in
stability. 

It is more convenient to express this aerodynamic force as 
an equivalent aerodynamic damping. For a vertical structure 
with a height h, a constant square cross section with sides b, 
uniform mass distribution, and which is exposed to a tur
bulent boundary layer flow, as a first approximation in which 
nonlinearity is neglected, the equivalent aerodynamic 
damping for the complete structure is, [9]: 

8 ^ ( 3 + 7) n0b 

the value ps = mass density of the structure, «0 = natural 
frequency of the structure, and y = exponent of a power law 
expression of the longitudinal velocity profile of the turbulent 
boundary layer flow. If the equivalent aerodynamic damping 
is negative so that the resultant damping, that is aerodynamic 
plus structural damping f,, is zero or negative, the cross-wind 
response amplitude of the structure will grow until it reaches a 
steady magnitude governed by the nonlinearity of the 
aerodynamic damping. 

Turbulence intensity and the scale of turbulence of the wind 
flow have very significant effects on the pressure distribution 
and hence the galloping behavior of bluff bodies (Laneville 
and Parkinson [10]; Novak [7]; Barriga et al. [11]; Miyata and 
Miyazaki [12]; Kwok and Melbourne [13]; and others). To 
produce these effects, it was suggested by Gartshore [2] and 
Kwok and Melbourne [13] that an increase in freestream 
turbulence, and in particular fine scale turbulence, increases 
the turbulent mixing in the separated shear layer and the rate 
of entrainment of fluid from the wake, and decreases the 
radius of curvature of the shear layer, thus promoting earlier 
reattachment. 

Experimental Arrangements 

Experiments were carried out in the 2.4m x 2.0m boundary 
layer Wind Tunnel at the School of Civil and Mining 
Engineering, the University of Sydney. A rigid "perspex" 
model 0.54m high and 0.06m square (h:b = 9:\), as shown in 
Fig. 2, was mounted on a turntable in the working section. In 
some tests, small vanes made of 5mm wide strips of steel were 
fitted to the corners of the square cylinder. These vanes were 
adjustable, so that a small gap could be introduced between 
the vane and the corner. 

The surface pressures at a height of 0.405m (3/4 cylinder 
height) were measured at a number of pressure taps around 
the square cylinder. These pressure taps consisted of a small 
length of 1.5mm O.D. stainless steel tubing fitted flush with 
the surface of the model. These were connected to a Setra 237 
Pressure Transducer (a Celesco Pressure Transducer was used 
in some earlier tests) via 600mm long, 1.5mm I.D. PVC 
tubing. With restrictors fitted halfway in the tubing, the 
frequency response was flat (to about ± 15 percent) up to 80 
Hz. 

Three types of flow were generated in the wind tunnel for 
the test program: uniform smooth flow, turbulent boundary 
layer flow and rod-generated turbulent flow. The uniform 
smooth flow has a turbulence intensity of 2 percent. The flow 

Nomenclature 

b = length of square cylinder side 
transverse force coefficient 
mean pressure 
coefficient 
s t a n d a r d devia t ion of 
pressure fluctuation coef
ficient 
peak pressure coefficient 
transverse force acting on 
square cylinder 
peak factor 
height of square cylinder 

CF 
ry 

c„_ = 

cs = 

Lx = longitudinal integral length 
scale of turbulence 

n0 = natural frequency of 
vibration 

p0 = static pressure in wind tunnel 
p = mean pressure 
p = peak pressure 
u = mean longitudinal wind 

velocity 
y - cross-wind displacement 
a = angle of wind incidence 

f„ = aerodynamic dumping 
fj = structural dumping 

7 = power law exponent of 
longitudinal wind velocity 
profile 

pa = air density 
ps = mass density of structure 
op = s t a n d a r d devia t ion of 

pressure fluctuation 
au = standard deviation of lon

gitudinal wind velocity fluc
tuation 

oy = s t a n d a r d devia t ion of 
dynamic transverse response 

•K = 3.1416 
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Fig. 3 Longitudinal turbulence intensities of flow behind a thin rod. 
(Uncertainty in auIO = ±6 percent, in y = ±0.1 mm at 20:1 odds) 

characteristics of the turbulent boundary layer flow were 
similar to wind flow over a suburban area; with 7 = 0.18 and a 
turbulence intensity of 11 percent at 3/4 cylinder height. In 
the rod-generated turbulent flow, the background flow was 
the same as the uniform smooth flow, but the turbulence near 
the stagnation streamline of the cylinder, as shown in Fig. 3, 
was altered significantly by the placement of a 3.2mm 
diameter rod 36 diameters upstream. The fine scale turbulence 
generated by the rod has a longitudinal integral length scale 
Lx/b of 0.27 compared with 6.3 for the turbulent boundary 
layer flow. 

The pressures around the cylinder were measured at angles 
of wind incidence a from 0 deg up to 25 deg. The mean 
pressures p and standard deviation of pressures up were 
measured using a computing digital voltmeter. The peak 
negative pressures p over a period of about 20 seconds were 
measured using a peak detector. The mean wind velocity at 
the top of the cylinder and the corresponding dynamic wind 
pressure Vipu2(h) and the static pressure p0 in the wind tunnel 
were also measured by a pitot-static tube and used as 
references. 

Experimental Results and Discussions 

The pressure distributions on the two side walls of the 
square cylinder are expressed in terms of pressure coefficients 
defined as follows: 

C^ = mean pressure coefficient = 

C„ = standard deviation of 

pressure coefficient 

Cp = peak pressure coefficient 

P-Po 
Vipu2(h) 

Vipu2(h) 

P-P 
Vipu2(h) 

(2) 

(3) 

(4) 

The effects of angle of wind incidence on the mean pressure 
distribution on the two side walls of the square cylinder in the 
uniform smooth flow are shown in Fig. 4(a). As the angle of 
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Fig. 4 Variations of mean pressure coefficients in three types of flow. 
(Uncertainty in Cp = ±6 percent, in a = ± 1 deg at 20:1 odds) 
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Fig. 5 Transverse force coefficients in three types of flow. (Un
certainty in CFy = ±11 percent, in a = ± 1 deg at 20:1 odds) 

wind incidence is increased to 5 deg, the mean pressure 
coefficients on the windward side wall become more negative. 
As the angle is further increased to 10 deg and then 15 deg, the 
coefficients near the leading edge become even more negative, 
while the coefficients become less negative towards the rear. 
This suggests a forward movement of the reattachment line 
towards the leading edge. It is thought that the combined 
effect of a decrease in pressure associated with an accelerating 
freestream flow over the front of the shear layer, and the 
entrainment of fluid from inside the separation bubble into 
the shear layer causes the reattaching shear layer to move 
forward towards the leading edge and a reduction in bubble 
volume and internal pressure. 

With an increase in freestream turbulence, as in the tur
bulent boundary layer flow, or with an increase in fine scale 
turbulence along the stagnation streamline of the square 
cylinder, as in the rod-generated turbulent flow, the forward 
travel of the reattachment line and the corresponding in
creases in negative pressure near the leading edge occur at 
smaller angles of wind incidence, as shown in Figs. 4(b) and 
4(c). These effects are consistent with the mechanism 
suggested by Gartshore [2] and Kwok and Melbourne [13] 
that an increase in freestream turbulence, and in particular 
fine scale turbulence, increases the turbulent mixing in the 
separated shear layer and the rate of entrainment of fluid 
from the wake, and decreases the radius of curvature of the 
shear layer, thus promoting earlier reattachment. 

The negative mean pressure coefficients on the leeward side 
wall are reduced (i.e., less negative) as the angle of wind 
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Fig. 8 Transverse force coefficients of three cylinder configurations. 
(Uncertainty in Cp = ±11 percent, in a= ± 1 deg at 20:1 odds) 

incidence is increased, as shown in Fig. 4. The effects of 
increase in freestream turbulence on the pressure distribution 
is much more noticeable in the turbulent boundary layer flow 
in which the coefficients are generally much more negative 
than in the other two types of flow at the same angle of in
cidence. 

In all three types of flow, the pressure difference between 
the windward and leeward side walls of the square cylinder 
creates a galloping type transverse force Fy which can be 
determined by numerical integration of the mean pressures 
and these forces are presented in Figure 5 in coefficient form: 

C — y 

Fy Vipu2(h)bh 
(5) 

Numerical integrations of mean pressures were carried out at 
one level only, at 3/4 cylinder height. It was assumed that the 
pressure distribution does not vary with height in the uniform 
smooth flow and rod-generated turbulent flow. Although the 
pressure distribution is likely to vary in height in the turbulent 
boundary layer flow due to the velocity profile, the pressure 
distribution at 3/4 cylinder height was assumed to be a 
reasonable representation of pressure distribution averaged 
over the height of the cylinder. 

The positive slopes of the transverse force coefficients at 
small angles of wind incidence in all three types of flow satisfy 
the criterion dCFy/da>0 for galloping. One significant 
feature of the force coefficients is the slope at zero angle of 
incidence at which the smallest value was registered in the 
uniform smooth flow. These force coefficient characteristics 
are consistent with force and displacement response 
measurements made by Kwok and Melbourne [13] on a 
slender 18:1:1 square tower model in similar types of flow. It 
was shown, in Fig. 6, that at zero angle of incidence, there was 
considerable galloping in both the turbulent flows but no 
galloping in the uniform smooth flow until the angle of in

cidence was about 9 deg at which the equivalent aerodynamic 
damping estimated from the slope dCFy/da by using equation 
(1) was less than the structural damping. 

In the turbulent boundary layer flow, by fitting a small 
vane at the corner of the square cylinder, the negative mean 
pressure coefficients on the windward side wall, especially 
near the leading edge, are significantly reduced (i.e., less 
negative) as shown in Fig. 1(b). Up to an angle of wind in
cidence of 10 deg, there is little evidence to indicate the for
ward travel of the reattachment line and the corresponding 
increase in negative pressure towards the leading edge. 
Although the shear layer separating from the vane may oc
casionally reattach, it seems that a larger angle of incidence 
would be required to encourage reattachment and to establish 
the instability process. It is also thought that the increase in 
bubble volume underneath the shear layer might help to 
sustain the fluid entrainment process and to maintain a less 
negative pressure even if the instability process does become 
established. 

By maintaining a small gap between the vane and the 
corner, the bubble underneath the reattaching shear layer is 
vented. This apparently causes the instability process 
associated with a reattaching shear layer to break down, and 
prevents the occurrence of the extreme forward travel of the 
reattachment line and attendance of high negative pressures 
near the leading edge. It can be seen in Fig. 7(c) that the 
negative mean pressure coefficients on the windward side 
wall, especially near the leading edge, are significantly 
reduced compared with those on the plain cylinder. 

The fitting of small vanes and vents at the corners has a less 
significant effect on the pressure distribution on the leeward 
side wall. The negative mean pressure coefficients over the 
entire side wall are reduced when the angle of wind incidence 
is increased, as shown in Figs. 1(b) and 7(c). It is interesting to 
note that there is a significant reduction in the pressure dif
ference between the windward and leeward side walls. 
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Therefore, the magnitude of transverse force and the slope of 
the transverse force coefficient dCFy/da causing galloping are 
also significantly reduced, as shown in Fig. 8. However, in 
terms of wind-induced dynamic response, the beneficial 
effects of the fitting of corner vanes would be countered to 
some extent by the expected increase in drag force acting on 
the square cylinder. 

The pressure fluctuations on the side walls for the three 
cylinder configurations are presented in Figs. 9 and 10. When 
small vanes and vents are fitted at the corners, there is a 
noticeable reduction in the standard deviation of pressure 
coefficients on both side walls, as shown in Fig. 9. It can be 
seen in Fig. 10 that reduction in the negative peak pressure 
coefficients are much more substantial, particularly on the 
windward side wall and near the leading edge. The percentage 
reduction in the negative peak pressure coefficients on the 
windward side wall is presented in Table 1 which shows a 
reduction of up to 40 percent near the leading edge. These 
reductions support the earlier suggestions that the fitting of 
vanes and vents at the corners causes the instability process 
associated with a reattaching shear layer to breakdown. 

The peak pressures are related to the mean and standard 
deviation pressures as follows: 

p=p + gap 

or in coefficient form, 
Cp = Cp+gCap 

(6) 

(7) 

where g is the peak factor. The peak factor associated with a 
normally distributed process is about 4.0. The peak factors of 
most pressure measurements taken in the tests are 
significantly greater than 4.5, with a maximum value of about 

Table 1 Percentage reduction in negative peak pressure 
coefficient on the windward side wall when small vanes and 
vents are fitted at corners 
Corners 
fitted 
with 
small 
vanes 

Corners 
fitted 
with 
small 
vanes 
and 
vents 

a = 0 deg 

5 deg 

10 deg 

a = 0deg 

5 deg 

10 deg 

- 2 0 

- 1 2 

- 1 9 

- 2 2 

- 9 

- 1 3 

9 

- 2 5 

- 4 1 

5 

- 2 9 

- 3 4 

5 

- 2 2 

- 2 7 

- 2 

- 2 9 

- 2 7 

- 2 3 

- 1 7 

- 9 

- 2 

- 7 

- 1 7 

- 7 

- 6 

0 

- 3 

- 1 9 

3 

10 

- 1 3 

0 

- 2 

0 

10 

a T ^ v n 
Pressure taps on windward 

side wall 

(Uncertainty in percentage reduction = ± 12 percent at 20 : 
1 odds) 

8.0. This indicates that the pressure fluctuations caused by a 
reattaching shear layer contain very intermittent and sharp 
pressure peaks. 

Conclusions 

When a square cylinder is subjected to air flow and 
especially at small angles of wind incidence, the separated 
shear layer reattaches onto the windward side wall. It is 
thought that the combined effect of a decrease in pressure 
associated with an accelerating freestream flow over the front 
of the shear layer, and the entrainment of fluid from inside 
the separation bubble into the shear layer causes the re
attaching shear layer to move forward toward the leading 
edge and a reduction in bubble volume and internal pressure. 
This results in very high negative pressures on the windward 
side wall, especially near the leading edge. Increase in 
freestream turbulence, in particular fine scale turbulence, 
significantly alters the pressure distribution, the transverse 
force characteristics and hence the galloping behaviour of the 
square cylinder. 

The fitting of small vanes and vents at the corners of the 
cylinder apparently causes a breakdown of the instability 
process. As a result, the negative mean pressure coefficients 
and peak pressures coefficients are substantially reduced, 
particularly on the windward side wall and near the leading 
edge. In practice, the use of such devices could reduce the 
loads on window panels in tall buildings and the cross-wind 
galloping excitation of tall buildings and structures. There are 
also possible practical applications in reducing loads on flat 
roofs on low rise structures and other types of roof structures. 
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CALL FOR PAPERS 

International Symposium on Cavitation Inception 

An International Symposium on Cavitation Inception is being planned by the Multiphase Flow Committee of ASME's 
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Artificially Thickened Turbulent 
Boundary Layers for Studying 
Heat Transfer and Skin Friction on 
Rough Surfaces 
Thermal and hydrodynamic characteristics of boundary layers developing over 
uniform spheres roughness with momentum thicknesses as large as 1.43 cm are 
presented. To obtain thick hydrodynamic boundary layers, an artificial thickening 
device is employed. The normalized velocity and turbulence prof iles produced using 
this device are two-dimensional and self-preserving. The turbulent transport and 
structural characteristics are representative of normal behavior to the level of 
spectra of the longitudinal velocity fluctuations. In the artificially thickened layers, 
the effect of the unhealed starting length (£ > 0, A < 5) on thermal boundary layer 
properties is present. Turbulent Prandtl number prof iles are generally unaffected by 
the magnitude of the unheated starting length, whereas measured Stanton numbers, 
show different behavior as the unheated starting length varies. In thermal boundary 
layers which would have the same thickness as the augmented hydrodynamic layers 
(A = b), Stanton numbers are shown to be the same as skin friction coefficients, 
and are then provided for boundary layers much thicker than those previously 
studied. As fully rough boundary layers develop downstream and 8/ks increases, 
Cf/2 is proportional to b2~~b where b = 0.175. In order for such U„ = constant, 
thick, rough wall layers to develop far enough downstream to reach smooth 
behavior where b = 0.250, ks UT/v must become small, and b must increase from 
0.175 to become greater than 0.250 in the transitionally rough regime. 

1 Introduction 
Thick turbulent boundary layers developing over rough 

surfaces are important in many engineering components such 
as re-entry vehicles, large ocean vessels, and combustion 
chambers. The wall shear stress, wall heat flux, and overall 
behavior of the thermal boundary layer are each of interest. 
In order to study flows with thick boundary layers on an 
apparatus with only a 2.4 m length of test surface, an ar
tificial thickening device was required. The high cost of the 
present porous test surface, made of uniformly-packed 1.27 
mm diameter spheres and instrumented for heat transfer 
measurements, made constructing a longer surface im
practical. 

Thickening devices called elliptic wedge generators [1] have 
been used to produce thick shear layers in which charac
teristics of wakes behind two-dimensional surface obstacles 
have been investigated [2]. Many research institutions also use 
this or a similar technique to produce simulations of at
mospheric boundary layers [3-7] to study a variety of 
phenomena affected by flow near the earth's surface in
cluding pollution dispersal from urban complexes, and wind 
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loading on buildings. Increasing the size of a boundary layer 
in a short distance also provides a way to produce flow 
blockage in studies of internal flow through passages such as 
diffusers [8]. Artificial thickening devices thus allow an in
vestigator to extend the experimental operating domain of a 
wind tunnel, provided that the flow field produced by the 
device has properties sufficiently representative of natural 
behavior. 

Techniques to artifically thicken boundary layers can be 
compared by considering the type of fluid disturbance caused 
by the thickening device, and how these disturbances interact 
with shear layers which would be present in a wind tunnel 
without a thickening device. Three diffeent categories can be 
defined by considering Townsend's [9] two-layer model for 
turbulent shear layers near walls. Artificial thickening devices 
of the first category are the simplest and function either by 
altering the surface condition to increase the shear (thus 
accelerating the growth of the already existing turbulent 
boundary layer), or by producing some other type of abrupt 
momentum deficit in the inner region. Boundary layer trips or 
increased surface roughness can be used to accomplish this 
effect [10]. A second type of device alters both the inner and 
outer regions of the boundary layer, as, for example, wall jets 
[6]. A third type of boundary layer augmentation device 
produces a momentum deficit and derives turbulent energy 
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from previously irrotational potential flow [1, 5, 7, 11]. With 
this approach, an array of protrusions is usually employed, 
extending far from the wall outside the approaching boundary 
layer. The wakes from these protrusions convect downstream 
to merge with existing wall boundary layer turbulence, to 
form an apparent extension of the region influenced by the 
wall. 

Regardless of the approach, it is important to realize that 
no artificially thickened boundary layer is likely to have 
completely normal properties if all levels of information are 
considered. The turbulence structure in a normal boundary 
layer is a result of the development of large scale structures 
originating from eddies formed by near-wall turbulent bursts. 
A bursting process consists of the sequence of lifting, 
oscillatory growth, and breakup of streaks of low momentum 
fluid which originate in the viscous sublayer. The structures 
convected away from thickening devices are not likely to be 
exactly the same as those resulting from such a bursting event. 
This would be the case except possibly when the flow from a 
thickening device convected downstream for a time longer 
than the lifetimes of the largest structures affected by the 
device. 

Consequently, rather than specifying that an artificially 
thickened shear layer is completely normal, such devices may 
be considered to produce properties representative of normal 
behavior up to some specified level of information. If the first 
four levels of information are considered to be wall-scalar 
quantities, mean profiles, Reynolds stress component 
profiles, and spectra, then the degree of normalcy is given by 
the highest level of information which is correctly simulated 
by the technique, assuming that all lowered ordered levels are 
also correct. Lower-ordered flow properties of an artificially 
thickened boundary layer may then be studied after the 
higher-order of levels of the flow are demonstrated to be 

similar to those in boundary layers which developed naturally 
to the same thickness. 

The objectives of the present work are as follows. The first 
is to show that it is possible to artificially thicken a turbulent 
boundary layer and obtain behavior similar to normal layers 
to a high level of information. The second objective is to 
obtain skin friction coefficients, and Stanton numbers in 
rough surface boundary layers which are much thicker than 
those previously studied. These measurements will then be for 
experimental conditions not previously examined since they 
are obtained on a test surface which is effectively twice as long 
as one without a thickening device. The results provide ad
ditional understanding of turbulent shear flow, as well as a 
basis for testing engineering calculation schemes and design 
procedures for situations where thick, rough-wall boundary 
layers are present. The Stanton numbers and skin friction 
coefficients are shown to be representative of natural 
behavior because three higher levels of information, as well as 
the turbulent transport of momentum and heat (ie. mixing 
length and turbulent Prandtl number distributions) are the 
same as those which would have existed in naturally 
developed layers of the same thickness. 

2 Present Approach 

The coordinate system used for the present study is shown 
in Fig. 1. The effective increase in length due to artificial 
thickening, L, is shown along with the coordinates x{ and x2, 
which represent actual distance along the test surface, and 
distance measured from the virtual origin of the 
hydrodynamic flow field, respectively. In the artificially 
thickened boundary layer shown in the figure, normal 
boundary layer properties are considered to be those which 
would have existed in a boundary layer which developed 

N o m e n c l a t u r e 

a,b 
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local skin friction coef
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Coordinate system for artificially thickened turbulent boundary 

naturally from its virtual origin to the same thickness as that 
produced by artificial thickening. 

Hydrodynamic and Thermal Flow Field Qualification. In 
order to qualify the hydrodynamic behavior of the artificially 
thickened boundary layer developing in a zero pressure 
gradient, the following characteristics are examined: two-
dimensionality, growth, structure, equilibrium and turbulent 
transport of momentum. The behavior of thermal boundary 
layers is then qualified by demonstrating that the turbulent 
Prandtl numbers are equivalent to those in naturally 
developed flows. 

The artificially thickened hydrodynamic boundary layer is 
considered to be at equilibrium when the normalized struc
tural properties are self-preserving. Self preservation is 
considered at two levels. First, the Clauser shape factor [12, 
13] must be independent of downstream distance. Second, the 
Reynolds stress tensor profiles must be self-preserving [9, 14], 
when using a single velocity scale for normalization of the 
stress tensor and a single length scale when normalizing 
distance from the wall. 

The structural characteristics of the rough wall artificially 
thickened boundary layer are qualified in a way which is 
different than is possible for smooth-wall flows. In contrast to 
flows over smooth surfaces which have been extensively 
documented, no prior studies have been reported concerning 
thick boundary layers over the type of roughness used for the 
present experiment. Thus there is no data base available which 
can be used directly to verify that the flow field is normal. It is 
necessary to make the proof indirectly, using whatever 
properties are well known for rough-wall layers. The most 
sensible properties to be used for this purpose are those which 
are invariant with downstream development in naturally 
developing boundary layers. If the artificially thickened 
boundary layer is in fact an extension of a naturally developed 
boundary, these should be also invariant in the augmented 
boundary layer. Flows at different freestream velocities and 
roughness Reynolds numbers are also to be investigated, 
hence the flow properties should be independent of these 
parameters, as well. The law of the wake, the normalized 
Reynolds shear stress profile, the ratio of Reynolds shear 
stress to turbulent kinetic energy, and the correlation coef
ficient for the Reynolds shear stress have the necessary 
properties. 

Stanton Numbers in Artificial Thickened Boundary Layers. 
With an artificially thickened boundary layer, the thermal 
layer has developed over a much shorter length than the 
hydrodynamic layer, as illustrated in Fig. 1. Consequently, 
the thermal boundary layer is much thinner than the velocity 
boundary layer and the Stanton numbers show unheated 
starting length behavior. Thus, it is not possible to measure 
Stanton numbers in thermal layers which are the same 
thickness as the hydrodynamic layers, and there are no 
Stanton number data for very thick rough-wall boundary 
layers. In order to obtain Stanton numbers for temperature 
boundary layers having the same thickness as velocity 

ROUGH 
TEST SURFACE 

DIRECTION OF FLOW 

ALL DIMENSIONS IN cm 

Fig. 2 Artificial thickening apparatus 

boundary layers, they must be estimated from measurements 
of skin friction coefficients. 

According to Kays and Crawford [15], the relationship 
between Stanton numbers and skin friction coefficients in 
rough-wall boundary layers where the thermal and 
hydrodynamic layer thicknesses are the same is 

St = 
Cjll 

(1) 
Pr ,+Vcy /2/st* 

St* represents the inverse of a nondimensional temperature 
difference across which heat is transferred by conduction 
through what may be a semistagnant fluid in the roughness 
cavities at the surface. For the uniform spheres roughness of 
the present study, when fully rough behavior exists and U„ = 
26.8 m/s, 1/St* = 2.0. When the flows are transitionally 
rough for U„ = 15.8 m/s, and 10.1 m/s, l/St*. < 2.0. 1/St^ 
is zero when smooth wall behavior is present [16]. Using Pr, 
= 0.90 in equation (1), it is then evident that within a few 
percent 

St = C>/2 (2) 

for the present experimental conditions when J = 0 and 
A = 5. 

3 Experimental Apparatus and Procedure 

Artificial Thickening Device. The device used to artificially 
thicken the turbulent boundary layer is shown schematically 
in Fig. 2. The device consists of an array of spires which 
extend across the width of the wind tunnel just upstream of 
the rough test surface. A square bar is located on the 
downstream side of the spire array and also extends across the 
width of the wind tunnel. The bar is necessary in order to 
achieve normal turbulence structure. The final size, shape and 
location of the bar were determined by trial and error. As the 
flow approaches the artificial thickening device, a trip is 
encountered near the wall. Downstream of the array, a barrier 
is located just before the test surface. This design was 
developed from a device used for thick smooth-wall boundary 
layers [17], which in turn, was developed from a technique for 
atmospheric boundary layers suggested by Peterka and 
Cermak [7], The details of the development of the device 
shown in Fig. 2 are discussed by Ligrani et al. [16]. Two-
recurring problems in the development were obtaining a 
spanwise uniform two-dimensional flow field, and producing 
a flow field with self-preserving properties. 

Wind Tunnel and Measurement Techniques. The wind 
tunnel used was the HMT roughness rig described by Healzer 
et al. [18], and by Pimcnta et al. [19]. The test surface of the 
facility is 2.44 meters long and consists of 24 plates, each of 
which can be electrically heated to maintain a given wall 
temperature of transpiration boundary condition. Each plate 
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surface consists of 1.27 mm-diameter uniform spheres, which 
have an equivalent sandgrain roughness size of 0.79 mm. The 
tunnel is closed-circuit, and for the present tests, the top wall 
was adjusted to produce a zero-pressure gradient along the 
test surface to within 0.5 mm of water for freestream 
velocities from 10.1 m/s to 27.8 m/s. Stanton numbers were 
determined by energy balances on each segment of the plate. 
The power input to each segment was measured and then 
losses were subtracted to determine the wall heat flux q"„. The 
Stanton number was then calculated using q",, the wall 
temperature, and freestream total temperature. Meas
urements of mean temperature profiles and freestream 
temperatures were made using thermocouples mounted and 
calibrated as described in reference [16]. 

Skin friction coefficients were determined from the 
Reynolds shear stresses and mean velocities, measured in the 
near-wall region, using 

Cf/2--
(-U'V')y 

u2 + 
v BU 

TJL^y~ 
U(y) s 
ul dx. 

Udy 

U2 dy (3) 
1 d 

~~~Ui~dx 

Equation (3) was derived using the boundary layer equation 
integrated from the wall to the position y. The value of y' 
used for determination of Cy/2 was 0.330 cm due to 
limitations on hot wire probe size. For all cases investigated, 
the measured turbulent shear stress term accounted for 96 to 
98 percent of the total magnitude of Cy/2. 

The mean velocity and six Reynolds stress tensor com
ponents were measured using standard hot-wire anemometry 
techniques [16]. Two types of probes were employed, a DISA 
55F04 horizontal wire and a DISA 55F02 slant wire, each with 
a sensing length of approximately 1.25 mm. The probes were 
used with TSI Model 1050 bridges operated in constant-
temperature / constant-resistance modes with wire overheat 
ratios of 1.5. The bridges were connected to TSI Model 1052 
linearizers, followed by voltmeters for measurement of mean 
or rms voltages, as appropriate. The directional sensitivity of 
the hot-wire probes was described using Jorgensen's 
equations [20]. Five different rotational positions of the slant-
wire probe were used in conjunction with horizontal-wire 
measurements to determine the six Reynolds stress tensor 
components. The hot-wire measurements were made when the 
flow field was isothermal at the same temperature as was used 
for calibration, and thus, no temperature corrections were 
required. Spectra of the u' signals were measured using 
digital data sampling techniques and fast Fourier transforms, 
as described in referenced [16]. 

Uncertainty estimates of measured quantities based on 20:1 
confidence levels are as follows: Cy/2, ±10 percent; G, 
± 0 . 7 0 ; ? , ±15 percent; St, ±.0001; T, ±0.1 °C; U, ±2.0 
percent; Ur, ±6.5 percent; u'1, ±5 percent; v'2, ±10 per
cent; w'2, ±10percent; -u'v', ±10 percent; andy ' , ±.013 
mm. 

4 Experimental Results 

Hydrodynamics. Boundary layer growth can be represented 
using two different characteristics which are related through 
the momentum intergral equation: variation of the skin 
friction coefficient, Cy/2, with momentum thickness, 52, and 
variation of momentum thickness with downstream distance, 
x. 

Skin friction is shown in Fig. 3 as a function of momentum 
thickness in naturally developed [19] and artificially thickened 
boundary layers for freestream velocities of 10.1 m/s, 15.8 
m/s, and 26.8 m/s. The skin friction coefficients were 
determined independently of the momentum thickness, which 
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Fig. 3 Skin friction variation as a function of momentum thickness 

was calculated from mean velocity profiles. On Fig. 3, the 
artificially thickened data forms a natural extension of the 
naturally developed data. As the freestream velocity changes, 
the values of Cy/2 show the same trends in the artificially 
thickened boundary layer as in those naturally developed, and 
the rough-wall coefficients are higher than those for a 
smooth-wall, when compared at the same momentum 
thickness. Thus, the artificially thickened layer seems to have 
normal growth characteristics with respect to the variation of 
Cy/2 with 52. At a given freestream velocity, data can be 
represented using 

Cf/2 -(¥)'" (4) 

where the constants a and b are presented in Fig. 3. 
At a freestream velocity of 26.8 m/s the thickness of the 

artificially thickened layer was further augmented by blowing 
through the upstream portion of the test surface. Data points 
at the downstream end of the test section are shown in Fig. 3 
for two different experimental arrangements: F = 0.008 in 
the first 6 plates and F = 0.0086 in the first 9 plates of the 
wind tunnel. In the later case, a momentum thickness of 1.43 
cm was obtained at the downstream end of the rough test 
surface, compared to approximately 0.60 cm in the naturally 
developing flow at the same U„. 

The variation of momentum thickness with downstream 
distance may be determined using equation (4) and the two-
dimensional momentum integral equation 

C//2-
dx 

(5) 

Equating the right-hand sides of equations (4) and (5) and 
integrating yields 

= [a(b+l)] "(?) 
I 

6+1 
(6) 

Equation (6) is shown in Fig. 4 using values of a and b for U„ 
= 26.8 m/s with data at the same freestream velocity. For 
each boundary layer augmentation, the momentum thickness 
for one data point, the "match point," was used in equation 
(6) to determine the apparent .XT-location of that data station. 
The other data points were then plotted knowing their 
relationship to the "match point." The growth properties of 
the artificially thickened boundary layers seem normal with 
respect to variations of <52 with x2 since matching at one point 
aligns all of the data with the expected growth curve. The 
wind tunnel length was indicated to be increased as much as 
4.13 meters at [/„ =26.8 m/s by these techniques. 

Velocity profiles measured in the artificially thickened 
layers, at four different freestream velocities, have the 
universal similarity of shape described by Clauser [12] and 
also show agreement with Coles' law of the wake [21]. The 
friction velocities used to non-dimensionalize the profiles 
were calculated using local skin friction coefficients deter
mined from equation (3). The values of .y used for the plots 
were measured from the virtual wall location, a distance Ay = 
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1.0 1.2 
y / 6 

0.23 mm below the crests of the roughness elements. The wall 
shift was determined using the method suggested by Monin 
and Yaglom [22], in which it is assumed that a corrected 
roughness size, Z0 , does not change with y near the wall for 
fully rough flows. Z0 is defined using 

t/+ 1 , jy' +Ay 
— In' m (7) 

The variation of the Clauser shape factor G with down
stream distance was determined for artificially thickened 
boundary layers at freestream velocities of 10.1, 15.8, and 
26.8 m/s. The factor is constant at value of 6.3 within ±0.3 
units for Xi > 1.0 meters. Such behavior means that velocity 
profiles in (U„ - U)/UT versus y/b coordinates should be 
invariant with downstream distance. This conclusion is 
confirmed by velocity profiles measured in the artificially 
thickened boundary layers [16]. 

In Clauser's 1956 paper [12], he indicated that if velocity 
profiles in the outer parts of turbulent boundary layers are 
universal in shape, then turbulent shear stress profiles would 
also be nearly universal when normalized using UT and 
plotted versus y/8. This conclusion is supported by other 
work [9, 19, 23], and also may be verified if the momentum 
and continuity equations are integrated to given y position in 
the boundary layers in order to calculate shear stress profiles 
from measured wall shear stress and mean velocity profiles. 
(See reference [24]). The results of such calculations are 
shown in Fig. 5 along with measurements from both naturally 
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developed and artificially thickened turbulent boundary 
layers at different freestream velocities and downstream 
locations. The agreement between the different profiles in the 
figure indicates that shear stress distributions in the ar
tificially thickened boundary layers are similar to those which 
would be expected in boundary layers which developed 
naturally. 

When compared to mean velocity profile behavior, the 
turbulence structure requires a greater distance downstream 
from the thickening device in order to reach a self-preserving 
state. Figure 5 indicates that normalized -u'v' profiles for 
[/„ = 26.8 m/s are the same at x{ = 1.78 m. and at .^ = 2.29 
m. When examined with other measured profiles, the 
measurements from Fig. 5 indicate the normalized shear stress 
profiles reach self-preservation when xx > 1.4 - 1.5 meters, 
as do the normalized normal Reynolds stress profiles. Thus, 
the two levels of self-preservation discussed in Section 2 are 
satisfied for about 1.0 meter of test surface length. 

In order to check the two-dimensionality of the artificially 
thickened boundary layers, the v' w' and u'w' R e y n o l d s 
stress components were measured at all locations where other 
stress components were measured. For all measurement 
locations, these stresses were found to be negligible compared 
to -u'v'. Such behavior is consistent with the spanwise 
uniformity of w'2 , , v ' 2 ' 2 and— u'v' profiles, which was 
verified within experimental uncertainty for a freestream 
velocity of 26.8 m/s . Other two-dimensionality checks 
consisted of measurements of the spanwise uniformity of 
mean velocity profiles. At the downstream end of the test 
section over a z-span of 16 cm, the momentum thickness was 
uniform within ± 4.6 percent of the mean, and at a given y 
location, spanwise velocity readings were never greater than 
1.0 percent different from the centerline value. 

The turbulence correlation coefficients 

-u v 

V„'2 „' 
and 

— u'v' 

have been demonstrated to be constant for equilibrium 
smooth and rough-wall boundary layers by many in
vestigators [9, 14, 16, 19, 24, 25]. These correlations seem to 
have the same values regardless of surface condition, free-
stream velocity distribution, and magnitude of wall trans-
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piration. Figure 6 shows that the values of the correlation 
coefficients in the rough-wall augmented boundary layers are 
consistent with values in naturally developing flows within ± 
5 percent. The measurements of Orlando et al. [25] and 
Pimenta et al. [19] are also shown in the figure for com
parison. 

Qualification of the structural characteristics of the rough-
wall, artificially thickened boundary layer can be extended to 
include spectra of the longitudinal velocity fluctuations. 
Measurements were made at xx = 1.78 m in a naturally 
developing flow for comparison with augmented boundary 
layer results at the same value of x{ for a freestream velocity 
of 26.8 m/sec. Comparison of these measurements at four 
different values of y'/b is shown in Fig. 7. In the figure, 
spectra magnitudes are normalized such that 

•Fu«i) rf0"*,) = 1.0 (8) 

where the one-dimensional wave number, kx, is determined 
from frequency using kt = 2irn/U. The nondimen-
sionalization given by equation (8) should be viewed as a 
normalization with respect to boundary layer thickness, since 
spectra are compared at the same y' lb. It should also be 
mentioned that the dashed and solid lines in Fig. 7 represent a 
graphical fit to closely spaced data points. The figure shows 
that the broadband spectral characteristics of the artificially 
thickened boundary layer show agreement with baseline 
measurements for y'lb = 0.078, 0.150, and 0.600. The 
spectra at y' lb = 1.00 for the augmented boundary layer and 
the naturally developing flow show differences which may be 
related to differences in the intermittency characteristics of 
the two flows, and/or differences in large-scale eddy struc
tures at the boundary layer edge. 

Turbulent Transport of Momentum and Heat. The tur
bulent transport of momentum and heat in the artificially 
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thickened boundary layers are shown to be normal by 
showing that the mixing-lengths and turbulent Prandtl 
numbers are equivalent to those in naturally developed flows. 
These quantities are determined from measurements of St, 
Cf/2, U and T in the artificially thickened boundary layers. 
From these measurements, shear stress and heat flux 
distributions are first obtained through the layers using the 
energy, momentum, and continuity equations integrated to a 
position y in the boundary layer. These forms of the boundary 
layer equations are given in reference [24]. After T and q" 
versus y are calculated, the eddy diffusivities for momentum 
and heat are obtained using 

dU 
T = p(eM + v)— (9) 

oy 
and 

q" = -pCp(eH + a) 
8T 

Ty 
(10) 

respectively. The turbulent Prandtl number then follows since 
P f/ = tM/tH, and the mixing length may be obtained using / 
= (eM/\dU/dy\)'A. 

Figure 8 shows mixing-length distributions from the ar
tificially thickened boundary layer calculated using this 
approach. For y/b < 0.10, except very near the wall, the 
mixing length distributions follow the equation I = ny where K 
= 0.41. Wheny/b < 0.03, the mixing continues to follow this 
relation for U„ = 26.8 m/s. However, for freestream 
velocities less than 26.8 m/s, the magnitudes of the mixing 
length near the wall decrease. Such behavior indicates that 
viscous stresses are affecting fluid motion and that the flow is 
transitionally rough (U„ = 15.8 m/s, 10.1 m/s) instead of 
fully rough ([/«, = 26.8 m/s). The augmented layer mixing-
length distributions are then similar to those expected in 
naturally developed flows, where one example from a 
naturally developed flow at Um = 26.8 m/s [19] is included 
on Fig. 8. 

In Fig. 9, turbulent Prandtl number distributions from the 
inner regions of artificially thickened boundary layers are 
closely similar to measured and calculated distributions from 
a naturally developed flow [19]. Differences are apparent 
between the calculated and measured profiles of reference [19] 
in the outer parts of the layers as a consequence of large 
uncertainties in the calculation of dU/dy and dT/dy. These 
uncertainties also account for the differences in the layers 
with unheated starting lengths. However, even though such 
differences exist in the outer regions, the turbulent transport 
properties fall within the scatter of existing measurements 
from flows over rough and smooth surfaces, and would not 
be expected to affect the overall transport of heat through the 
boundary layer since it is controlled primarily by inner region 
behavior. 
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Thermal Boundary Layers Without Unheated Starting 
Lengths. The method used to define a reference for the ex
pected behavior of rough-wall Stanton numbers in thermal 
boundary layers without unheated starting lengths was 
outlined in Section 2. The details of this argument are now 
discussed by referring to Fig. 10. Attention is focussed first on 
the naturally developed data from the thermal layer with £ = 
0, shown on the left-hand side of the figure (x2 < 2.44 m). In 
this case, the thermal and hydrodynamic boundary layers are 
about the same thickness and the Stanton numbers are in close 
agreement with the skin friction coefficients. This agreement 
confirms the validity of equation (2). This equation would 
then be expected to be valid for thicker thermal boundary 
layers when x2 > 2.44 m as long as A = 5 for the present 
experimental conditions. Consequently, Stanton numbers for 
thick thermal boundary layers when x2 > 2.44 m are the same 
as artificially thickened Cy/2 data, which are shown on the 
right-hand side of Fig. 10. 

The thick thermal boundary layer Stanton numbers shown 
on the right-hand side of Fig. 10 are verified using two 
methods: (1) predictions using a mixing-length closure scheme 
which accounts for roughness in a finite-difference boundary 
layer program [26], and (2) an empirical result determined 
from equations (2), (4), and (6). Considering the first of these, 
the St predictions show excellent agreement with the naturally 
developed £ = 0 data on Fig. 10. Agreement is also shown 
with the five cases where £ > 0, for both naturally developed 
and artificially thickened boundary layers, where the £ > 0 
Stanton numbers lie above the £ = 0 Stanton numbers when 
compared at a given downstream location. The agreement 
with the £ > 0 data for the artificially thickened cases (x2 > 
2.44 m) is important because this strengthens the credibility of 
£ = 0 predictions at the same x2 locations. These £ = 0 
predictions are further verified since they follow Cy/2 data 
for all artificially thickened boundary layer thicknesses 
examined. 

The empirical result mentioned may be obtained by sub
stituting equation (6) into equation (4) and then replacing 
Cy/2, by St using equation (2). Performing these operations 
gives _b -b 

St = Cf/2 = a[a(b + D l 6 + 1 ( y ) (11) 

which is shown in Fig. 10 using a and b values for £/„ = 26.8 
m/s from Fig. 3. The equation agrees with the £ = 0 St 
measurements and predictions in Fig. 10. 

Since the assumptions used in the derivation of equation 
(11) are also valid at U„ = 15.8 m/sec and [/„ = 10.1 m/s, 
Stanton numbers in thermal boundary layers having the same 
thicknesses as the artificially thickened hydrodynamic layers 
then seem to decrease with increasing downstream distance 
according to equation (11) at rates which depend on the 
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Fig. 10 Variation of Stanton numbers with downstream distance 

freestream velocity. The variation of Cy/2, and hence St, with 
<52 are shown in Fig. 3, where the results from the artificially 
thickened boundary layers at U„ = 10.1, 15.8, and 26.8 m/s 
cover the right-hand portion of the figure. From Fig. 3 it is 
evident that boundary layers with momentum thicknesses as 
large as 1.43 cm may be obtained using the augmentation 
service, compared to about 0.60 cm for naturally developed 
flows. 

Thick Rough-Wall Boundary Layers. Even though ex
perimental results from the present study do not provide 
confirmation, it is believed that a fully rough turbulent 
boundary layer in a zero pressure gradient will become 
transitionally rough and eventually smooth, as 8/ks increases 
and the layer developes far downstream to become very thick. 

Referring to the U„, = 26.8 m/s data of Fig. 3, b/ks is less 
than about 60 in the naturally developed boundary layer, and 
increases to 133 in the thickest part of the augmented layer. 
Even though the roughness becomes contained in a smaller 
part of the inner regions of this boundary layer as it develops 
downstream, the roughness remains large enough to suppress 
the formation of a viscous sublayer near the wall for b2 < 
1.43 cm. The magnitude of ks Ur/v, the nondimensional 
roughness height or roughness Reynolds number, varies from 
70 to 60 for the [/«, =26 .8 m/s data. These nondimensional 
ks values are then greater than the maximum y+ where 
viscosity would be expected to contribute to the local shear 
stress, which is ordinarily at the outer edge of the buffer layer. 
The U„ = 26.8 m/s flow is thus considered to be fully rough. 

According to calculations [16], fully rough behavior at £/„ 
= 26.8 m/s would be expected to continue until 8/ks ~ 350. 
At this point, the magnitude of ks UT/v would be about 55 
and the boundary layer would have needed more than 20 
meters of test surface to reach a momentum thickness of 3.8 
cm. This extremely long distance is required due to the weak 
dependence of fully rough Cy/2 on x2, as given, for example, 
by equation (11) for [/„ = 26.8 m/s. As the layer then 
develops further downstream, a viscous sublayer would begin 
to form near the wall, and the flow would be transitionally 
rough. The dependence of Cy/2 on x2/r, and also on 82/r, 
would then be expected to change from fully rough behavior 
due to an influence of viscosity. 

In the thick U„ = 26.8 m/s transitionally rough boundary 
layer, the magnitude of Cf/2, and hence ks U7/v would 
decrease with downstream distance until roughness elements 
are contained in a viscous sublayer having the same non-
dimensional thickness as for a smooth wall flow. When the 
thick layer then becomes smooth, the variation of Cy/2 would 
then be expected to follow the classic equation given by 
reference [15] 

Cy/2 = 0.0125 
( ^ ) (12) 
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Referring to Fig. 3, if Cf/2 is proportional to 82~
b, then as the 

flow becomes transitionally rough, the value of b would have 
to increase from 0.175 and then become greater than 0.250 in 
order for the Cf/2 versus 52/r curves to reach equation (12). 
Otherwise, if the maximum value of b in a transitionally 
rough flow never exceeds 0.250, the negative slopes of lines in 
Fig. 3 would never be large enough to reach the smooth line. 
In this case, a fully rough flow which became thick enough to 
be smooth would have Cf/2 values above equation (12), 
which seems unlikely. Thus, b must become greater than 
0.250 in transitionally rough boundary layers. Such behavior 
is supported by the £/„ = 10.1 m/s transitionally rough 
results shown in Fig. 3 where b = 0.332 and Cf/2 approaches 
equation (12) as this layer develops downstream. 

5 Conclusions 

A technique has been developed to produce artificially 
thickened boundary layers on a uniformly rough surface 
which have two-dimensional, equilibrium properties 
representative of normal behavior to the level of spectra of the 
longitudinal velocity fluctuations. The velocity profiles in 
wake coordinates, the normalized Reynolds shear-stress 
profiles, the Reynolds shear stress/turbulent kinetic energy 
ratio, the correlation coefficient for the Reynolds shear stress, 
the mixing-length distributions, and the turbulent Prandtl 
number distributions are the same as in boundary layers 
which developed naturally to the same thickness. Because 
these measured properties are shown to be normal, skin 
friction coefficients, Stanton numbers, and other low-order 
flow field information may be measured and also considered 
to be representative of natural behavior. 

Stanton numbers are demonstrated to be the same as 
measured skin friction coefficients in thermal boundary layers 
which would have the same thickness as the artificially 
thickened hydrodynamic layers (£ = 0 and A — 5). When £ > 
0, turbulent Prandtl number distributions are also largely the 
same as when £ = 0. These properties are thus provided for 
experimental conditions not previously studied and contribute 
to the rough-wall data base since the augmentation service 
doubles the effective wind tunnel test section length. 

The results obtained from the artificially thickened 
boundary layer contribute to the understanding of turbulent 
shear flows by providing information as to how boundary 
layers on rough surfaces behave as 8/ks increases and the 
layers develop downstream to become very thick. In fully 
rough layers, Cf/2 is proportional to 82~

b where b = 0.175, 
compared to b = 0.250 in smooth wall flows. As a fully rough 
layer becomes very thick at constant £/„, the roughness 
elements will eventually not suppress the formation of a 
viscous sublayer and flow behavior will be influenced by 
viscosity to become transitionally rough and then smooth. In 
order to do this, transitionally rough values of b must increase 
from 0.175 to become greater than the value for a smooth-
wall flow. 

Report HMT-29 [16] is available from University Micro
films International, 300 N. Zeeb Road, Ann Arbor, MI 
48106, USA. 
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Development of Three-Dimensional 
Turbulent Boundary Layer in an 
Axially Rotating Pipe 
The time-mean velocities and turbulent fluctuations inside the turbulent boundary 
layers which developed in an axially rotating pipe were measured in the case where 
an undeveloped flow with a rectangular axial velocity distribution was introduced in 
the pipe. The pipe rotation gives two counter effects on the flow: one is a 
destabilizing effect due to a large shear caused by the rotating pipe wall and the 
other is a stabilizing effect due to the centrifugal force of the swirling velocity 
component of the flow. The destabilizing effect prevails in the inlet region, but the 
stabilizing effect becomes dominant in the downstream sections. The intensity of 
turbulence in the rotating pipe decreases ultimately below that in a stationary state 
of the pipe. Using the experimental results, the relationship between the mixing 
length and Richardson number proposed by Bradshaw was examined for the tur
bulent boundary layer that develops in the rotating pipe. 

Introduction 

When a flow enters an axially rotating pipe, a tangential 
velocity component is given to the flow by the moving wall 
and a three-dimensional boundary layer is formed in the 
rotating pipe. The development of the boundary layer along 
the pipe is affected by the rotating motion of the pipe. The 
effect of the pipe rotation on the flow has been studied by 
several investigators including the present authors [1-4]. 

The present authors measured the time-mean velocity 
components and hydraulic losses of the pipe in the case where 
a fully developed flow was introduced into an axially rotating 
pipe in a turbulent flow state [4]. Pipe rotation was found to 
cause a drop in the hydraulic loss in the rotating pipe and to 
deform the axial velocity profile into a shape similar to that 
observed in a laminar flow. These changes are due to the 
stabilizing effect caused by the centrifugal force of the 
tangential flow component. According to the authors' study 
[5], when an undeveloped flow is introduced into the rotating 
pipe, the pipe rotation incurs two counter effects on the 
developing boundary layer flow: one is a destabilizing effect 
due to an increase of the relative velocity of the fluid at the 
surface of the rotating pipe, and the other is a stabilizing 
effect due to the turbulence suppression caused by the cen
trifugal force of the swirling flow component. The governing 
factors for the flow are the axial and tangential Reynolds 
numbers, and different combinations of two Reynolds 
numbers bring about different states of stability. But the 
detailed natures of the boundary layer, especially those of the 
turbulent intensity and the Reynolds shear stresses, have been 
left uninvestigated. 

This paper describes the experimental results on the time-
Contributed by the Fluids Engineering Division and presented at the Sym
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mean velocities and Reynolds stress components inside the 
turbulent boundary layer in an axially rotating pipe when an 
undeveloped flow is introduced into it. Using the ex
perimental results, the relationship between the mixing length 
and Richardson number proposed by Bradshaw [6] was also 
examined. 

Apparatus and Method of Experiment 

A schematic outline of the experimental apparatus is shown 
in Fig. 1(a). Air discharged from a centrifugal blower was 
introduced into the rectifying tank. After the turbulence was 
made homogeneous over the inlet section-of the rotating pipe 
by a honeycomb (20 mm square and 100 mm long) and six 
screens (mesh size: 1.0 — 2.62 mm, screen wire dia.: 0.26 ~ 
0.56 mm), the air stream was throttled by the nozzle in the 
ratio of 12.3 : 1, which made the velocity profile at the inlet 
section of the rotating pipe almost uniform and the intensity 
of the turbulence was decreased less than 0.3 percent except 
for the small region near the pipe wall (z/a ^ 0.06 for Re = 6 
x 104). 

In order to ensure that the flow state inside the boundary 
layer be turbulent just downstream of the inlet section, a step-
ring of 1.0 mm height was installed at the exit section of the 
nozzle as shown in Fig. 1(a). The turbulent state was ascer
tained by a hot-wire probe in the experimental range of the 
Reynolds number, Re = 6 ~ 9 x 104. 

Measurements of the time-mean velocity components and 
the Reynolds stresses were made using the method of a rotated 
hot-wire [7, 8]. Two types of hot-wire probes were employed; 
one was a straight hot-wire type (the wire element was set 
normal to the stem axis) and the other was a slanted hot-wire 
type (the wire element was mounted at an angle of about 45 
degrees to the axis). The active length of the wires (5 -micron 

154/Vol. 105, JUNE 1983 Transactions of the ASME 
Copyright © 1983 by ASME

  Downloaded 02 Jun 2010 to 171.66.16.90. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



1 550 mm 41.2 d 

Wal ilU \ ^ i Pipe Wall 1. R e c t i f y i n g Tank 
-//) /T^s. I'A-'// I 2 . Honeycomb 

3mm 

3 . Cause Sc reen 
4. Nozzle 
5. Rotating Pipe 
6. Stationary Pipe 

Fig. 1(a) Schematic outline of experimental apparatus 

tungsten) and the distance between the two prongs were 1 mm 
and 3 mm, respectively. These probes were inserted through a 
small hole drilled in a narrow stationary ring 10 mm in length 
placed between two rotating sections. To avoid the effect of 
this stationary ring on the velocity profile in the boundary 
layer, the probes were inserted at an angle of 4 degrees from 
the perpendicular, as shown in Fig. 1(b). 

Measurements were made at the sections of x/d = 2.7, 5.7, 
9.7, 15.5, 22.5, and 28.5, respectively, for the axial Reynolds 
number Re = 6 x l 0 4 and for the range of rotation rate 
05? TV5? 0.83. 

Equations 

Momentum and Energy Equations. Using the boundary-
layer approximation, the equations of mean motion can be 
written in cylindrical coordinates for the case of an 
axisymmetric flow as follows: 

dU dU 
U—+W—: 

dx dz 

1 dP Id 

p ox pr dz 
(1) 

1. 

3 . 

5. 

/ \ / / / / / / / / \ y 

R o t a t i n g P i p e s 2 . S t a t i o n a r y R i n g 

H o t - w i r e P r o b e 4 . P u l l e y 

B e a r i n g 6 . O i l - s e a l 

Fig. 1(b) Details in measuring section 

Inlet Section 

Fig. 2 Cylindrical coordinate system 

Nomenclature 

pipe radius 
pipe diameter = 2a 
normalized power spectrum in direction 
of mean flow 
wave number in direction of mean flow 
mixing length in rotating pipe 
mixing length in stationary state of pipe 
frequency 
rotation rate = V0/Um 

time-mean static pressure 
dimensionless first production term of 
turbulent energy in equation (13) 
dimensionless second production term of 
turbulent energy in equation (13) 

kinetic energy of turbulence = (H2 + v2 

axial Reynolds number = Um-d/v 
Richardson number defined by equation 
(12) 
radial distance 
time-mean velocity components in x, y, 
and z directions, respectively 
fluctuating velocity components in x, y, 
and z directions, respectively^ 

u',v',w' = rms values of u, v, and w, (V^a, VJ2, 
V^J.respectivcly 

a 
d 

k 
I 

k 
n 
N 
P 

Pr, 

Pr-, 

Re 
Ri 

r 
U.V.W 

u,v,w 

-uv,vw,-uw = Reynolds shear stress components 
Ue = free stream velocity 
U,„ = mean axial velocity 
V0 = peripheral speed of rotating pipe 
x = axial distance from inlet section of 

rotating pipe 
y = circumferential distance along pipe 

periphery 
z = radial distance from pipe wall = a — r 
/? = parameter in equation (11) 
5 = boundary layer thickness 

dx = momentum thickness of boundary layer 
in x direction 

= V (U/Ue){\-(U/Ue) )(/•/«) dz 
Jo 

6xy = momentum thickness of boundary layer 
in y direction 

= V {U/Ue)(V/V0){r/a)2dz 
Jo 

Tx,Ty = shear stress components in x and y 
directions, respectively 

p = density of fluid 
li = dynamic viscosity of fluid 
v = kinematic viscosity of fluid 
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dV 
U- + 

dx 

r 

r dz 

1 dP 

1 d , 
irV) = — —(r2r3l) 

prl dz 

p dr r 

1 9 

dr 
(rw2)-

r 

ox oz 

(2) 

(3) 

(4) 

1.0 

where (U,V,W) and (u,v,w) are the time-mean and turbulent 
velocity components, respectively, in Fig. 2. The shear stress 
components in both the axial and tangential directions, TX and 
Ty, are given by the following equations. 

— dU — d 
rf = — puw + \x—_ ,ry= — pyw + jur— (V/r) dz dz 

(5) 

From equations (1) and (2), the energy equations of the 
time-mean velocities can be obtained as: 

U— (U 2/2) + W— (U 2/2) = 
dx dz 

U dP —dU 
\-uw — 

p dx dz 

1 d — (dU\2 

- - ~ (uwrU) - v{ — 1 
r dz \ dz J 

o „ 9 „ ^ ^ 
t / - - ( F 2 / 2 ) + ^ - - ( K 2 / 2 ) = 

dx dz r 

v o ( dlf2\ d 

2r¥z 

d 

~dz 

dz I 

(V/r) 

(6) 

1 d — 
- — (vv/rV)-
r dz 4 '»;(H + YrTz{ K ( K / r ) 2 } 

(7) 

In the right-hand sides of equations (6) and (7), the terms 
including the kinematic viscosity are negligibly small com
pared with the other terms except for the region of the viscous 
layer. Using the boundary-layer approximation, the turbulent 
energy equation can be expressed as: 

U^-(g2/2)+W^-(g2/2)--
dx dz 

dU 

Hz ' 
-uw vwr—(V/r) +D — e 

dz 
(8) 

where D and e denote the turbulent diffusion and the viscous 
dissipation of the energy, respectively. In the above equation 
the terms on the left-hand side correspond to the convection 
terms of the turbulent energy, and both the first and second 
terms on the right-hand side of the equation are the 
production terms. The second production term does not 
appear in the stationary state of the pipe. 

Mixing Length and Richardson Number. Coefficients of 
the eddy viscosity both in the axial and tangential directions 
are defined by: 

. = —uw/ ©•"" = -yw/[r—(F/r)] 

Using the values of the eddy viscosity, the mixing lengths in 
both directions can be expressed by the reference [9] as: 

','1''4Ciy+[ri^/r)Y]in-i=x'y m 

From the analogy between the buoyancy and centrifugal 
force, Bradshaw [6] proposed the mixing length / as a function 
of the Richardson number in the field of a centrifugal force as 
follows: 

///0 = l- /3Ri (11) 
where I0 denotes the value of the mixing length in a flow with 
no swirl component, /3 is a constant, and Ri is the Richardson 
number defined by: 

0.6 -

0.4 

0.2 

Re = 6 x 1 0 
x / d = 0 . 0 5 
N = 0 

O With S t e p - r i n g & 

Withou t 
S t e p - r i n g 

O 

ft n m n — Q - 0 - - O - ^ - - P - Q ° - J 

0 1.2 0.2 0 .4 0 .6 0 .8 1.0 
U/Ue 

Fig. 3 Velocity profile at the section just downstream from the pipe 
inlet (x/d = 0.05) for N = 0. (Uncertainties in z/a and U/Ue are ±0.1 
percent and ± 2 percent, respectively.) 
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Fig. 4 Velocity profiles for N 
±2 percent). 

0.8 1.0 
U/Ue 

0. (Uncertainties in zlOx and U/Ue are 

Ri = 
2V d 

dr 
(rV)/ (W)a4 r~(V/r)} ] (12) 

The value of the angular momentum, rV, increases with the 
radial distance r in the rotating pipe, and hence Ri =? 0, 
which shows that the tangential velocity component has a 
stabilizing effect on the flow when there are no destabilizing 
effects from other sources. 

/m Experimental Results and Discussion 

Time-Mean Velocity Distributions. The time-mean 
velocity profiles at the section just downstream from the pipe 
inlet (x/d = 0.05) under the stationary condition of the pipe 
are indicated in Fig. 3, where the effect of the step-ring at the 
pipe inlet is also shown. The profiles both with and without 
the step-ring are almost uniform across the section, except for 
a narrow region near the pipe wall. The intensity of the 
turbulence in the uniform velocity zone was measured to be 
less than 0.3 percent. 

The similarity of the velocity profiles of the boundary layer 
in a stationary pipe when the step-ring is employed are shown 
in Fig. 4 in which the velocity curve measured by Nikuradse in 
a fully developed turbulent pipe flow at Re = 1.1 x 105 is 
also indicated. A fairly good coincidence in the velocity curves 
can be seen in the sections between x/d = 2.7 and 28.5, and it 
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Developed 
flow [4] 

( R c = 2 X \0U , N = 1) 

1.0 0.8 0.6 0.4 
V/Vo 

0.2 0.4 0.6 0.8 1.0 
U/Ue 

Fig. 5 Changes in velocity profiles for N = 0.83. (Uncertainties in z/6x 
and U/Ue are ±2 percent, and in V/V0 ±3 percent.) 

1.0 0.8 0.6 
V/Vo 

0.4 0.6 0. 
U/Ue 

Fig. 6 Changes in velocity profiles at the section x/d = 28.5. (Un
certainties in z/0x and U/Ue are ± 2 percent, and in V/V0 ±3 percent.) 

may be considered that the flow in the boundary layer at the 
section of x/d = 2.7 is already in a turbulent state when the 
step-ring is installed. 

If the pipe is rotated, the velocity profiles are changed, an 
example of which is shown for N = 0.83 in Fig. 5, where the 
axial and tangential components of the velocities are plotted 
for different sections situated at x/d = 2.7 — 28.5. In the 
same figure, the velocity profiles for a turbulent flow 
(Nikuradse) and a laminar flow (Blasius) in stationary ducts 
are also plotted for reference. The axial velocities at the 
different sections in the rotating pipe show a nearly similar 
profile, which lies between two reference velocity curves. As 
the section goes downstream, however, the tangential velocity 
curves are shifted upward in the inner region by the effect of 
the rotating wall. The effects of the rotation rate N on the 
velocity distributions at the section of x/d = 28.5 are shown 
in Fig. 6. As the rotation rate increases, the axial velocity 
curves approach gradually to that in a laminar state as shown 
by a broken line. But, the tangential velocity profiles for each 
value of N remain almost unchanged. The tangential velocity 
curve can be approximated by the following equation: 

\-v/v0 = i(z/exyio}°i 
The changes in the momentum thickness components along 

the pipe axis, 6X and dxy, are plotted in Fig. 7. As Nincreases, 
the curves of 6X and 6xy are flattened gradually, which 
displays the suppression of the boundary layer development 
due to the pipe rotation. 

Turbulent Fluctuations and Reynolds Shear Stresses. The 
distributions of the turbulent fluctuation velocities and 

- 1 

Re = 

/ 
/ 

s 

6 x 104 

e x v ( r r ^ ^ 

9 & ^ ^ ^ 

^^^^^\jL. 

O N= 0 
(D 0. 
e o.. 
9 0. 
® 0. 

25 

>3 
33 

10 20 30 
x / d 

Fig. 7 Development of momentum thickness along the pipe. (Un
certainties in 0X and0xy are ± 2 percent and ± 4 percent, respectively.) 

Reynolds shear stresses in a section near the pipe inlet (x/d = 
2.7) are plotted in Figs. 8(a) and (b), respectively. From Fig. 
8(a), it may be seen that the pipe rotation gives a considerable 
change in the tangential component of the turbulent fluc
tuations but only a slight change in the axial and_radial 
components. The Reynolds shear stress components - uv and 
vw in the stationary state of the pipe in Fig. 8(b) are seen to be 
zero throughout the boundary layer as is expected from a 
statistical background. When the pipe is rotated, the stress 
components of -uv/Ue

2 and vw/Ue
2 increase with the in

crease of N, but the other component -uw/Ue
2 remains al

most unchanged. The increase in the Reynolds shear stress 
components is caused by an intense shear due to the rotational 
motion of the pipe wall, which prevails in the inlet region of 
the pipe. 

Figures 9(a) and (b) exhibit three components of the tur
bulent fluctuations and Reynolds shear stresses at the section 
of x/d = 28.5, respectively. Unlike the results in the section 
of x/d = 2.7, all of the fluctuation components in this section 
decrease with the increase in the rotation rate N. The drops in 
u'/Ue and v'/Ue are remarkable in the wall regionz/0x = 1, 
but the decrease in w' /Ue is distributed uniformly across the 
boundary layer. Of the three Reynolds shear stresses, the 
effect of the pipe rotation on the stress -uw/Ue

2 is evident, 
and it decreases_with an increase in the rotation rate. The 
other stresses -uv/Ue

2 and vw/Ue
2, however, have only 

slight values in the rotational state as well as the stationary 
state. 

Distributions of the kinetic energy of the turbulent fluc
tuation q2/Ue

2( = (u2 + v2 + w2)/Ue
2) across the boundary 

layer are shown in Fig. 10. In the upstream section x/d = 2.7, 
the turbulent energy is seen to increase with the rotation rate. 
This is due to an intense shear caused by the rotating wall. 
This destabilizing effect of the tangential shear, however, 
diminishes gradually as the section goes downstream, and the 
stabilizing effect due to the swirling flow becomes dominant. 
At the section x/d = 9.7, all of energy curves fall nearly into a 
single curve because the stabilizing and destabilizing effects of 
the pipe rotation are well balanced. The drop in the turbulent 
energies in the downstream sections shows a dominant 
stabilizing effect caused by the centrifugal force of the 
swirling flow, and the turbulent energy in the rotating state 
becomes smaller than that in the stationary state. This fact 
corresponds well to the results in Fig. 7. 

To estimate the contributions of each term in equation (8) 
to the entire turbulent energy, the values of each term for x/d 
= 2.7 in N = 0.83 are plotted in Figs. 11(a) and (b), in which 
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Fig. 8(a) Turbulent Intensity components. (Uncertainties in u'lUe, 
v'/Ue and w'lUe are ± 3 percent.) 
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Fig. 8(b) Reynolds shear stresses. (Uncertainties in -uvlUe and 
- uwlUe2 are ±5 percent, and in vwlUe2 ±10 percent.) 

Fig. 8 Distributions of turbulent intensity components and Reynolds 
shear stresses at the section near the pipe inlet x/d = 2.7 (a least-
square averaging of data was used) 

the first and second terms on the right-hand side of equation 
(8) are plotted in dimensionless forms as: 

5 —dU & — d 
Pr, = - —-UW-, Pr2=-—-3 vwr- (V/r) (13) 

Ue
5 dz t/e dz 

In these figures, the values of Prx, evaluated in this ex
periment at N = 0, as well as those obtained by Klebanoff 

S, 0 . 0 4 -

0.02 

0 
10 15 

z / 9 x 

Fig. 9(a) Turbulent intensity components. (Uncertainties in u'lUe, 
v'/Ue and w'/Ue ate ±3 percent.) 
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Fig. 9 Distributions of turbulent intensity components and Reynolds 
shear stresses at the downstream section x/d = 28.5 (a least-square 
averaging of the data was used) 

[10] in a turbulent boundary layer on a stationary flat-plate, 
are plotted for reference. At the section where x/d = 2.7 (Fig. 
11(a)), the first production term Pr, is greater than that 
observed for N = 0, and the second production term Pr2, 
which appears only in the rotating state, also has a small 
positive value. Consequently, the sum of the production 
terms, Pr, +Pr 2 , becomes much greater than the production 
term in the stationary pipe. 

In the downstream section x/d = 28.5 (Fig. 11(6)), the 
production terms Pr, and Pr2 have decreased greatly and 
their sum becomes smaller than the production term in the 
stationary state of the pipe. This decrease in the turbulent 
energy production in the rotating pipe corresponds well to the 
decrease in the turbulent fluctuation as shown in Figs. 9(a) 
and (b). 
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Fig. 10 Distributions of turbulent energy. (Uncertainties in q2/Ue2 
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Fig. 12 Power spectra of fluctuating velocity in the direction of mean 
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Fig. 11 Distribution of energy production terms for N = 0.83. (Un
certainties in Pr-|, Pr2 and zls are ±5, ±10 and ±5 percent, respec
tively.) 

Figure 12 shows the power spectra of the fluctuating 
velocity component in the mean flow direction. The data were 
measured at the point z/S = 0.2 in the section x/d = 28.5. 
The results in Fig. 12 are normalized as: 

J oo 

F(k)dk = 
o 

where k is the wave number in the mean flow direction, i.e., 

k = 2Tm/(U1 + V2)U2 

It is seen that the spectrum curves are flattened by an increase 
in the rotation rate, hence the values of F(k) increase in the 
range of higher wave number or smaller eddy range. 

Mixing Length. Using the mixing length theory, the 
suppression of the turbulence due to pipe rotation can be 
equated with the decrease in the mixing length lx. Figure 13 
exhibits the distributions of lx calculated by equations (9) and 
(10) for various sections when N = 0. Regardless of the axial 
distance, the mixing length can be expressed by the following 
relations: 

lx = 0.4z, for z/6<0.1 

lx = 0.0855, for z7<5>0.35 

Journal of Fluids Engineering JUNE 1983, Vol. 105/159 

Downloaded 02 Jun 2010 to 171.66.16.90. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



0.15 

0.10 

0.05 -

Re = 6 x 10 
x / d = 2 8 . 5 

lx =0 .4 z 

O N = 0 
© 0 . 2 5 
0 0 . 5 
® 0 . 8 3 

C a l c u l a t e d 
( 6 = 2 ) 

0.5 IK 

z/ 6 
Fig. 14(a) At the section x/d = 28.5 

1.0 

0.15 

0.10 

0.05 

Re 
x / d 

-
lx = 

= 6 x 1 0 4 

= 1 5 . 5 

0.4 z 

. - eCi 
Of) «--er - . 

iS3® 

^ © - s 

1 

o 
© 
e 

reZ-

N = 0 
0 . 2 5 
0 . 5 
0 . 8 3 

O 
=-©- ® 

;-<r 
® • 

Calculated 
(&- = 2 . 5 ) 

0-5 , . 
z / 6 

Fig. 14(b) At the section x/d = 15.5 

1.0 

Fig. 14 Changes In mixing length due to rotation. (Uncertainties in 
/x/«andz/{are ±10 percent and ±5 percent, respectively.) 

The distributions of lx at the sections x/d = 28.5 and 15.5 
in rotating states of the pipe are shown in Figs. 14(a) and (b), 
respectively. In both sections, the mixing length decreases 
significantly with an increase in rotation rate, exhibiting the 
stabilizing effect due to pipe rotation. The gradient of the 
curves near the pipe wall decreases as N is increased. From an 
analogy of two forces, the buoyancy and the centrifugal 
force, Bradshaw [6] has expressed the mixing length in a 
rotating field as a function of the Richardson number Ri by 
equation (12). Using the values of Ri calculated by equation 
(12), the values of lx in the sections of x/d = 28.5 and 15.5 
can be evaluated, and the results are compared with the ex
periments in Figs. 14(a) and (b), where in the calculation /3 is 
taken as 2 and 2.5 for the two sections, respectively. It is seen 
that the calculated values agree well with the experiments. 

For the discussion of the mixing length change in the curved 
or rotating flow, Bradshaw [6] has pointed out that the 
"flux" Richardson number, Rf, given by the following 
equation may be more appropriate than the "gradient" 
Richardson number, Ri, defined by equation (12). 

Rf = 2vw(V/r)/ 1-" dU vw d ") 
w~ + — — (rV)\ dz r dr 

(14) 

The use of equation (14), however, is found not to be 
adequate in the present flow problem, because the tangential 
component of the Reynolds stresses, vw, is much less than the 
axial component, — uw, within the boundary layer at the 
section of x/d = 28.5, as shown in Fig. 9(6) and the value of 
Rj remains substantially zero for the rotation rate of N = 
0 -0 .83 . 

Conclusions 

(1) The rotation of a pipe generally suppresses develop
ment of the turbulent boundary layer in the pipe, and the 
time-mean axial velocity profile approaches the velocity curve 
of a laminar state with an increase in the rotational speed. 

(2) In the sections immediately downstream from the pipe 
inlet {x/d < 10), the Reynolds shear stress components - uv 
and vw are increased by an intensive shear due to the relative 
motion near the pipe wall. 

(3) In the sections further downstream (x/d ^ 10), a 
stabilizing effect caused by the centrifugal force of the 
swirling flow develops in the rotating pipe, suppressing 
gradually the turbulence along the pipe. The turbulence in
tensity ultimately falls below that of the stationary state of the 
pipe. 

(4) Changes in the mixing length due to the pipe rotation 
can be estimated by use of the Richardson number. 
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Pressure Fluctuations on the 
Surface of Two Circular Cylinders 
in Tandem Arrangement 
The fluctuating pressures on the surface of two circular cylinders of the same 
diameter in tandem arrangement were measured in the upper subcritical regime to 
obtain the distributions of their rms values and the spanwise and circumferential 
correlations. These pressures were subsequently integrated to yield the spanwise 
correlation length and the rms values of fluctuating lift and drag as functions of the 
spacing between the two cylinders. The rms lift and drag were much larger for the 
downstream cylinder than for the upstream cylinder up to the spacing of 7.0 
diameters. At the spacing of 10.0 diameters, they were different from those for a 
single cylinder by only a small amount. 

1 Introduction 

The time-mean surface pressures and the vortex-shedding 
characteristics of two circular cylinders of the same diameter 
in tandem arrangement have been extensively studied for 
many years. A critical and extensive review on this subject was 
written by Zdravkovich [1], who also discussed the cases of 
parallel and staggered arrangements. The fluctuating com
ponent of the surface pressures, on the other hand, is not yet 
understood to the same extent. Within the authors' 
knowledge, most previous investigators concentrated directly 
on the oscillation of two cylinders associated with the vortex 
shedding (see King & Jones [2]), less attention being paid to 
the surface-pressure fluctuations. 

The properties of the surface-pressure fluctuations, 
especially the spanwise and circumferential correlations 
between pressures at two points, are of considerable 
engineering significance in that they will yield information 
about the rms values and spanwise coherence of the fluc
tuating lift and drag forces. Moreover, various statistics of 
the surface-pressure fluctuations will unveil some aspects of 
unsteady separated flows around the cylinder during strong 
interaction. 

The rms surface-pressure distributions around two 
cylinders in tandem arrangement is reported by Igarashi [3] 
for various intervals between the cylinders. Within the 
authors' knowledge, no other measurements of the pressure 
fluctuations seem to be published for this particular flow 
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situation. It may be mentioned in passing that, for two square 
prisms in tandem arrangement, Reinhold et al. [4] measured 
instantaneous surface-pressure fluctuations along all the four 
sides of the prisms, thus approximately obtaining the rms 
values and the power spectra of the fluctuating forces. 

In this paper, properties of the pressure fluctuations on the 
surface of two circular cylinders in tandem will be presented 
in some detail for various spacings between the cylinders. 

2 Experimental Apparatus and Procedure 

The experiments were conducted in an open-return air 
tunnel with a 48 x 50 cm, 5 m long working section. Time-
mean velocity distributions were measured at several sections 
along and across the tunnel ahead of the test cylinders by 
means of a Pitot-static tube. The maximum cross-sectional 
variations in the approaching velocity, U„,, were less than 1 
percent of the mean over the traversed area except in the 
boundary layers developing along the tunnel walls. A point 
where the reference static and total pressures could be 
measured was chosen on the basis of the longitudinal traverses 
ahead of the models. The free-stream turbulence intensity (the 
rms longitudinal velocity fluctuation divided by [/„) was 0.3 
percent at the time-mean velocity of Ux =54.5± 1.0 mis, 
which was the velocity employed in the present experiment. 

The circular cylinders tested were machined brass with 4.37 
cm diameter with no attempt being made to improve the 
surface finish. The cylinders were mounted normal to the 
approaching flow and spanned the 0.5 m side of the tunnel. 
The resulting aspect ratio 11.4 was considered to be large 
enough to ensure that the measurements would be 
representative of infinitely long cylinders. No end plates were 
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Fig. 1 Two circular cylinders in tandem arrangement 

used. The boundary layers along the sides of the tunnel were 
turbulent and their thickness was 3.7 cm on both sides. 

One of the test cylinders was built in two sections to 
facilitate the construction of the pressure taps whereas 
another cylinder was not pressure-tapped. The latter cylinder 
was used solely to realize a required tandem arrangement of 
the two cylinders. Each of the two sections had a pressure tap 
of 0.8 mm diameter at each end which was connected to a 
semiconductor strain-gaged transducer with a small cavity 
between the opening of the tap and the diaphragm of the 
transducer. 

The two sections were combined by a ball-bearing device so 
that the angle between the pressure taps could be arbitrarily 
varied by the rotation about the common axis. This con
figuration allowed the circumferential correlation of the 
surface-pressure fluctuations to be measured. The spanwise 
distance between the pressure taps was 0.14 times the cylinder 
diameter in this experiment. On the other hand, in order to 
obtain the spanwise correlation of the surface-pressure 
fluctuations, spacers of various lengths were separately in
serted between the two sections in such a manner that their 
pressure taps were at the same angle from the leading 
generator. The center between the two pressure taps was made 
to coincide with the mid-span position during the 
measurements of the circumferential and spanwise 
correlations. The time-mean and rms values and the power 
spectra of the pressure fluctuations were obtained at the mid-
span position. 

The pressure transducers responded to the pressure fluc
tuations up to 500 Hz with a gain factor 1 ± 0.06, the phase lag 
being negligible. This frequency was well above the 
frequencies of vortex shedding from the upstream and 
downstream cylinders. The outputs of the pressure trans
ducers were recorded on an analog tape recorder (KYOWA 
520A) and, except a few cases, were later analyzed on a digital 
correlator (SAICOR 42A) and a digital signal processor 
(SANEI 7T07A) to obtain the rms values, power spectra, and 
cross correlations. 

3 Results and Discussion 

A definition sketch of two cylinders in tandem arrangement 
is shown in Fig. 1. The Reynolds number R was maintained to 
be 1.57 x 105 throughout this experiment. Moreover, since it 
was uncertain whether available methods of correction of the 
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Fig. 2 Time-mean pressure distribution along the surface of (a) up
stream and (b) downstream cylinders for l/d = 2, 3, and 4. The un
certainty in the ordinate is ±0.01 and that in the abscissa is ±0.2 deg. 
Lines for visual aid only. • , peaks of C'p for l/d = 2. Ordinate of Cp is 
the same to that of Cp . 

tunnel blockage effect could be applicable to the present flow 
situation, the results will be presented uncorrected. In the 
interest of space, most of the data for the surface pressure will 
be shown for the spacings l/d =2, 3, and 4 although the 
measurements were made until l/d= 10. For pressure 

Nomenclature 

C'D 

CDD 

C'L 

cLL 

cP 
cP 

d 
f 
I 

rms drag divided by q„d 
spanwise correlation coefficient of fluctuating 
sectional drag coefficients 
rms lift divided by q„d 
spanwise correlation coefficient of fluctuating 
sectional lift coefficients 
time-mean pressure divided by qm 
rms pressure divided by q„ 
diameter of circular cylinder 
frequency of vortex shedding 
distance between centers of two cylinders 

Lpz = spanwise correlation length of surface-pressure 
fluctuations 

qx = free-stream dynamic pressure = (\/2)pl/l> 
R = Reynolds number =U„d/v 

Rpp = cross correlation coefficient of surface-pressure 
fluctuations 

Ux = time-mean velocity of free stream 
a, (3 = angle measured from leading generator of cylinder 

f = spanwise distance between pressure taps 
6 = angle measured from leading generator of cylinder 
v — kinematic viscosity 
p = density of fluid 
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Fig. 3 Rms pressure distribution along the surface of (a) upstream 
and (b) downstream cylinders for l/d - 2, 3, and 4. The uncertainty in the 
ordinate is ± 0.01 and that in the abscissa is ±0.2 deg. Lines for visual 
aid only. 

distributions in the range l/d>4, Igarashi's [3] paper should 
be consulted. 

3.1 Time-Mean Surface Pressure, Drag and Strouhal 
Number. The measurement of the time-mean pressure 
distribution around a single cylinder showed that the flow 
around it was in the upper subcritical regime at this Reynolds 
number. The time-mean pressure distributions around the 
upstream and downstream cylinders are presented in Fig. 2. 
For the sake of reference, values and locations of peaks of Cp 

are also included in these figures for t/d = 2. For the spacings 
l/d>4, the separation of flow occurred well downstream of 
6= 120 deg, so that the base-pressure coefficient amounted to 
- 0 . 6 , which is much higher than that for the upstream 
cylinder. These features are conjectured to be caused by the 
boundary-layer transition due to the turbulence in the wake of 
the upstream cylinder. For the case of l/d = 4, two pressure 
distributions are shown for the downstream cylinder in order 
to show that they appeared one after another with undefined 
frequencies. The time interval for the distribution denoted by 
the symbol v was longer than that for the distribution 
denoted by A . This feature is associated with a jump of the 
flow pattern which will be described in the following. 

It is well established that a sudden change in the flow 
pattern in the gap between two cylinders occurs when the 
spacing is increased through a critical spacing (Zdravkovich 
[1]). Previous measurements (Zdravkovich [1], Okajima [5]) 
indicate that the critical spacing ranges from 3.5 to 3.8 
diameters at a Reynolds number of 1.57 xlO5 . The authors 
felt during the pressure measurement that the critical spacing 
was in the vicinity of l/d=4, so that it is assumed that the 
critical spacing was lld= 3.8 in the following discussion. 

The time-mean drag coefficient for the upstream and 
downstream cylinders plotted against lid was in fairly good 
agreement with Okajima's [5] result taken at approximately 
same Reynolds numbers, including a discontinuous jump of 
the drag coefficient at the critical spacing. 

The vortex-shedding frequency was determined on the basis 
of the power spectra of the surface-pressure fluctuations as 
the frequency corresponding to a spectrum peak. The 
Strouhal number of the vortex shedding was found to be 
almost the same for two cylinders. Moreover, they are also in 
excellent agreement with Okajima's [5] data taken in a 
Reynolds-number range R = (1 .7-2.5) x 105. 

3.2 Rms Surface Pressure. The rms pressure distributions 
around the circumference of both cylinders are shown in Fig. 
3 in terms of the rms pressure coefficient C'p. Similar data 
available to the authors were those of Igarashi [3] obtained in 
a lower Reynolds-number range R = (2.2-4.4) x 104. 

Previous measurements of Cp for a single cylinder (Surry 
[6], Batham [7], Bruun and Davies [8], among others) show 

a maximum of C'p appears in the vicinity of the that 
separation point and its value ranges from 0.28 to 0.5 in the 
upper subcritical regime when a circular cylinder is smooth 
and the free-stream turbulence intensity is less than a few 
percent. The present experiment, however, showed that the 
maximum rms pressure coefficient was 0.17 at most as seen in 
Fig. 3(a). In this connection, it may be noted that the flow 
around the single cylinder in this work fell into the region 
where the surface roughness is of significance in determining 
the flow and pressure fields. Batham [7] found that the rms 
surface pressures are so sensitive to the surface roughness that 
the maximum of C'p reduces to 0.13-0.15 for a roughness 
height 5 of 2 . 2 x l O 3 times the cylinder diameter in the 
Reynolds-number range of (1.11 -2.35) X 105, the time-mean 
pressure distribution indicating the flow around the cylinder 
to be in subcritical regime. Accordingly, the above-mentioned 
maximum value of Cp' in the present experiment could be 
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Fig. 4 Spanwise correlation length plotted against nondimensional 
spacing l/d for (a) upstream and (6) downstream cylinders. The un
certainty in the ordinate Is ±0.2 and that in the abscissa is less than 
±0.2 deg. Lines for visual aid only. 

understood if one assumes an effective surface roughness hid 
which is a little smaller than 2.2x 10 ~3. For the downstream 
cylinder, however, the surface roughness of this order has 
relatively little effects on the rms surface pressures. The 
maximum of C'p appeared to be due to an oscillating 
movement of the separation point which will produce an 
effect akin to an oscillating movement of the time-mean 
pressure distribution. 

The rms pressure distributions around the circumference of 
the upstream cylinder are shown in Fig. 3(a). The level of C'p 
was much lower than that for a single cylinder and decreased 
with increasing l/d before vortex shedding from the upstream 
cylinder occurred, i.e., when l/d^ 3.8. Immediately after the 
occurrence of vortex shedding (l/d = 4), however, the rms 
pressures sharply increased to a level much higher than the 
case of a single cylinder. The low level of C'p before the jump 
is associated with a small oscillating movement of the 
separation point which was mainly caused by the gap-flow 
fluctuations induced by the vortex shedding from the 
downstream cylinder. On the other hand, the high level of Cp' 
for l/d = 4 is conjectured to be a result of the switching of the 
gap flow. For spacings greater than l/d = 4, the surface-
pressure fluctuations seem to decrease monotonically to those 
for a single cylinder. 

Figure 3(b) shows the results for the downstream cylinder. 
The level of C'p was much higher than that for the upstream 
cylinder for all the spacings tested. The rms pressures 
decreased for l/d = 2 and 3 in this order and showed a sharp 
increase when the jump of the flow pattern occurred. The 
maximum peak value of Cp appeared at the spacing l/d =5 
(which is not shown in the text) whereas for the upstream 
cylinder it appeared at l/d=4. It is worth noting that the heat 
transfer from the cylinders may also attain a maximum value 
at these spacings. 

Three peaks of C'p were observed for the spacing l/d=2. 
The location of the second peak (6 = 60 deg) approximately 
coincided with that of the highest peak of the time-mean 
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Fig. 5 Circumferential correlation coefficient for (a) upstream and (D) 
downstream cylinders at an angle 0 = 80 deg. The uncertainty in the 
ordinate is ±0.02 and that in the abscissa is ±0.2 deg. Lines for visual 
aid only. 

surface pressure (see Fig. 2(b)), thus being interpreted as the 
time-mean reattachment point of the shear layer shed from 
the upstream cylinder. Since the point of the reattachment will 
oscillate in accordance with the vortex shedding from the 
downstream cylinder, the rms pressure is expected to attain a 
maximum at its time-mean position. A part of the reattached 
fluid will move along the cylinder surface in the direction of 
the leading generator. The authors imagine that this fluid is 
eventually decelerated by a positive pressure gradient in the 
vicinity of the leading generator, thus forming a separation 
bubble. The existence of the separation bubble is perhaps 
suggested by a slight increase of the time-mean pressure 
toward the leading generator. The first peak of C'p at 6— 15 
deg may be interpreted as an oscillating movement of the 
secondary separation point. Flow-visualization studies, 
however, are needed in order to prove the existence of the 
separation bubble. On the other hand, the major part of the 
reattached fluid will move in the direction of the trailing 
generator and separate from the surface to yield a periodic 
vortex shedding from the downstream cylinder. The highest 
third peak of the rms pressures at 0-110 deg was brought 
about by this primary separation. 

In the case of l/d =3, the distribution of the time-mean 
pressure (Fig. 2(b)) suggests a weak gap flow, so that the 
above-mentioned first and second peaks of Cp were not 
significant although slight traces of these peaks seem to be 
still observed. For the spacings 5 = //c? = 10 (not shown in 
the text), the distribution of Cp showed two peaks, the first 
one being higher than the second. The first peak was con
jectured to be produced by the vortices shed from the up
stream cylinder. The second peak occurred at the separation 
point which was approximately estimated from the time-mean 
pressure distribution, thus being produced by the oscillating 
movement of the separation point. 

3.3 Spanwise Correlation Coefficient. The spanwise 
correlation coefficient of the surface-pressure fluctuations is a 
function of two variables, i.e., the angle 8 of a generator 
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Fig. 6 Rms lift and drag coefficients plotted against nondimensional 
spacing lid. The uncertainty in the ordinate is ±0.03 and that in the 
abscissa is less than ± 0.005. Lines for visual aid only. 

along which the pressure taps are located and the distance f 
between the pressure taps, thus being written as Rpp (6, {Id). 
The spanwise correlation length defined by 

-\?> ^ ( 0 ) = l Rpp(6,S/d)d{ 
<J 0 

was evaluated. When the correlation coefficient became 
negative at a distance, say f„, the above integral was per
formed in the range f = 0 ~ f„. 

In order to examine the behavior of the correlation length 
through the discontinuous change of the flow pattern, Lpz is 
plotted against the spacing lid in Fig. 4 for several angles 6. 
The results for a particular angle 0 = 90 deg will be discussed 
because they seem to be most suggestive of the vortex-
shedding properties. For the upstream cylinder, a discon
tinuous increase (jump) of Lpz probably occurred through the 
critical spacing (l/d=3.S). After the jump, Lpz remained 
almost unchanged. Contrary to the upstream-cylinder case, 
the correlation length for the downstream cylinder decreased 
sharply in the decreasing order of the spacings l/d=2, 3, and 
4. The same trend was also observed at the angle 6= 110 deg. 
Since no measurements were made in the range 3<l/d<4, it 
is not clear whether a sudden jump of Lpz at 0 = 90 deg and 
110 deg occurred at the critical spacing. The correlation length 
for other angles showed only insignificant changes with 
respect to the spacing. 

3.4 Circumferential Correlation Coefficient. The 
distribution of the circumferential correlation coefficient of 
the surface-pressure fluctuations Rpp (a, (3, f/tf) is shown in 
Fig. 5 as a function of a at an angle of /3=80 deg. Here /3 
denotes the angle from the leading generator where a pressure 
tap was temporarily fixed, a the angle of the traversed 
pressure tap and f is the spanwise separation between the 
pressure taps. As mentioned previously in Section 2, the ratio 
f/c? was maintained to be 0.14 in this measurement. 

Figure 5(a) shows the results for the upstream cylinder 
together with those for a single cylinder. The correlation 
coefficients for the spacing l/d=3 were generally of the 
highest level over the whole surface for the angles 0 indicated. 
Since the coefficient was positive, the surface-pressure 
fluctuations were statistically all in phase. It may be noted, 
however, that the rms pressures were of the lowest level for 
this spacing (see Fig. 3(a)). Once vortex shedding occurred, 
the correlation curves (see the data for lid =4 in Fig. 5(a)) 
showed a marked antisymmetry with high absolute values of 
the coefficient over a wide range centered at a = 90 deg and 
270 deg. This will yield a considerable lift fluctuation. Except 
the case of lid = 3, the correlations between the leading and 
trailing generators were small, so that drag fluctuations are 

expected to be also small in the tandem arrangement. When 
the vortex shedding was present, the correlation curves for the 
upstream cylinder were similar to those for the single cylinder. 

The results for the downstream cylinder are presented in 
Fig. 5(b). The correlation distributions were only weakly 
dependent on the spacing and similar to those for a single 
cylinder except that distinct negative lobes appeared for the 
spacings l/d = 2 and 4 when /3 = 0 deg. The negative lobes 
should be attributed to the distortion of vortices shed from the 
upstream cylinder in front of the downstream cylinder 
(Durbin & Hunt [9]). 

3.5 Rms Lift and Drag Coefficients. The spanwise 
correlation CLL and CDD of the sectional lift coefficient and 
the sectional drag coefficient, respectively, between two 
stations a distance f apart are given by 

[CLL(t/d),CDDWd)} 
* 2-JT p 2ir 

c;(a)c;(0)/Jw,(«,ftr/d) 
1 (• 2-jr p 2iv 

4 Jo Jo 
X (sinasin/3, cosacos(3jrfarf/3 

The distributions of the rms surface pressures and the cir
cumferential correlation coefficients permitted an evaluation 
of the correlations CLL and CDD for f/d = 0.14. Surry's [6] 
data for a single circular cylinder in turbulent streams indicate 
the rms sectional lift and drag coefficients, i.e. [CLL(Q)]V% and 
[CDD(0)]'A to be only slightly (about 5 percent) larger than 
[CLL(0.14)]L/l and [CDD(0A4)]Yl, respectively, so that the 
values of the latter could approximately be interpreted as the 
values of the former. In fact for the single cylinder, the 
present experiment yielded [CLL(0A4)]Vl =0.31 and 
[CDD(0.14)]Vl =0.079 which compare well numerically with 
Batham's [7] data[CLL(0)]'/; =0.327 and [CDD(Q)VA =0.105 
obtained at R= 1.11 x 105 for a free-stream turbulence of 0.5 
percent. Accordingly, [CLL(0.14)]'/! will temporarily be 
denoted by C'L and [CDD(0.14)]l/! by C'D. These quantities are 
supposed to be sufficient at least to indicate the variation of 
the exact rms lift and drag coefficients with the spacing. 

The results are shown in Fig. 6, where C'L and C'D for the 
upstream and downstream cylinders are plotted against the 
spacing lid. The rms lift and drag coefficients were much 
higher for the downstream cylinder than for the upstream one 
when the spacing lid was smaller than 7. In the range lid > 10, 
they seem to be insignificantly different from the values for a 
single cylinder. 

Extremely small values of C'L obtained for the upstream 
cylinder when lid = 2 and 3 were brought about by the absence 
of organized vortex shedding for these spacings. The small 
values of C'L are supposed to be a result of weakly correlated 
pressure fluctuations in the vicinity of 6 = 90 deg and 270 deg, 
which are perhaps associated with the vortex shedding from 
the downstream cylinder. Once the vortex shedding occurred 
from the upstream cylinder, C'L increased (probably in a 
steplike manner) to a value which was a little higher than that 
for a single cylinder. For larger spacings, the rms lift coef
ficient seems to gradually approach the latter. It is noteworthy 
that the downstream cylinder experiences a large rms lift when 
lld=4. This feature corresponds to the switching of the gap 
flow (which is shown in Fig. 2(b)) for this spacing. 

The variation of C'D with the spacing was very small for 
both cylinders except that a minimum appeared at I Id = 3 for 
both cylinders. 

4 Conclusions 
results of this study may be summarized as The main 

follows: 
1 The rms surface pressure was much higher for the 

downstream cylinder than for the upstream cylinder. For both 
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cylinders, the rms pressure obtained a highest level just 
beyond the critical spacing. 

2 The spanwise correlation length of the pressure fluc
tuations at the 90 deg generator of the upstream cylinder 
increased in a steplike manner through the critical spacing to 
the level found for a single cylinder. 

3 The rms lift and drag were much larger for the.down
stream cylinder than for the upstream cylinder up to the 
spacing of 7 diameters. At the spacing of 10 diameters, they 
were different from those for a single cylinder by only a small 
amount. 

4 For the upstream cylinder, the rms lift was extremely 
small for the spacings less than critical whereas it was ap
proximately equal to that for a single cylinder beyond the 
critical spacing. 

5 For the downstream cylinder, the rms lift was strongly 
dependent on the spacing and amounted to as high as 2.8 
times the value found for a single cylinder at the spacing of 4 
diameters. 

6 The rms drag for both cylinders was only weakly 
dependent on the spacing. 
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rather low spanwise correlation coefficient of 1.8 behind the 
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precritical regime could also be inferred from the value of 
pressure drag coefficient for the single cylinder. It will be 
helpful if the authors could provide the value of drag coef
ficient (either uncorrected or corrected for the blockage ef
fect). 

Another important issue is the possible existence of the 
laminar separation bubble(s) on the downstream cylinder. 
The bubble usually formed a kink beyond Q?min on the mean 
pressure curve for the single cylinder. The kinks were absent 
on the second adverse pressure gradient parts of all Cp curves 
in Fig. 2(b). 

The reattaching shear layers separated from the upstream 
cylinder were fully turbulent before they impinged on the 
downstream cylinder and it was unlikely that the 
relaminarization took place before separation at 110°. Oil 
film visualization was carried out at Re =5 x 105 by Okajima 
[5] and the trace of the separation bubbles was found only on 
the upstream cylinder. It might be expected that either a single 
or both separation bubbles were obliterated on the down
stream cylinder by the turbulence produced by the upstream 
cylinder. Similar obliteration of separation bubbles was found 
on the single cylinder submerged in turbulent free stream. 
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variation of two CPmm in Fig. 3(b) with the spacing between 
the cylinders. The first peak which was caused by the reat
tachment of turbulent shear layers was less than the second 
one produced by the separation for l/d = 2 and 3. However, 
for l/d=4 when the vortex shedding was established behind 
the upstream cylinder the "reattachment" peak was the 
dominating one. It will be revealing if the authors could 
provide separately the contribution of periodic and turbulent 
fluctuations for each C' shown in Fig. 3(b). 

An unexpected significant increase in the spanwise 
correlation length behind the downstream cylinder at l/d = 2 
indicated strong and well correlated vortex shedding behind 
the downstream cylinder. This was confirmed by the high C'L 
in Fig. 6 for \/d = 2. Similar increase in C'pmm was found by 
Igarashi [3] at Re =3.5 x 104 with the absolute maximum of 
C;max at l/d = 2.35. However, for both l/d = 2 and 3 the 
reattachment peak was greater than the separation peak and 
also the overall fluctuations were greater for spacing l/d = 3 
than for l/d=2. These differences were presumably caused 
by different Reynolds numbers i.e., medium subcritical and 
precritical regimes. The authors comments on this peculiar 
nature of C' peaks will be most valuable. 

Authors' Closure 

We would like to thank Dr. Zdravkovich for his valuable 
comments. 

As the discusser suggests, the flow around the single 
cylinder was in the precritical regime. The uncorrected time-
mean drag coefficient CD was 1.06. If this is corrected for the 
wind-tunnel blockage by Allen and Vincenti's [10] formula, 
we obtain C D = 0 . 9 3 . This value of the drag coefficient 
suggests that the flow was in the precritical regime. 
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cylinders, the rms pressure obtained a highest level just 
beyond the critical spacing. 

2 The spanwise correlation length of the pressure fluc
tuations at the 90 deg generator of the upstream cylinder 
increased in a steplike manner through the critical spacing to 
the level found for a single cylinder. 

3 The rms lift and drag were much larger for the.down
stream cylinder than for the upstream cylinder up to the 
spacing of 7 diameters. At the spacing of 10 diameters, they 
were different from those for a single cylinder by only a small 
amount. 

4 For the upstream cylinder, the rms lift was extremely 
small for the spacings less than critical whereas it was ap
proximately equal to that for a single cylinder beyond the 
critical spacing. 

5 For the downstream cylinder, the rms lift was strongly 
dependent on the spacing and amounted to as high as 2.8 
times the value found for a single cylinder at the spacing of 4 
diameters. 

6 The rms drag for both cylinders was only weakly 
dependent on the spacing. 
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Fig. 7 Circumferential distribution of the r.m.s. periodic pressure 
fluctuation divided by Cj, at the same position for (a) l/d = 2 and (b) 
l/d = 4. The uncertainty in the ordinate is ± 0.05 and that in the abscissa 
is ±0.2deg. 

The time-mean pressure profiles for the downstream 
cylinder showed no kink in the tested range of l/d. The 
authors agree to the discusser in that the separation bubbles 
were obliterated by the turbulence produced by the upstream 
cylinder. 

With regard to Fig. 3(6), Dr. Zdravkovich expresses his 
concern about the changes in the relative magnitude of the 
reattachment and separation peaks of Cp with l/d. In this 
connection, he suggests to provide separately the contribution 
of periodic and turbulent fluctuations for each peak shown in 
Fig. 3(b). Figure 7 presents the circumferential distribution of 
the r.m.s. periodic pressure fluctuation <C'p> divided by 
Cp, i.e., the overall r.m.s. pressure fluctuation at the same 
position, for l/d = 2 and 4 (Sakata and Kiya [11]). The ex
perimental condition was the same to the present one. At both 
reattachment and separation peaks, the r.m.s. periodic 
fluctuation is seen to be roughly 80 percent of the overall 
r.m.s. value. 

The last point raised by the discusser concerns with the 
differences in the reattachment and separation peaks of C'p 
between the present results and those of Igarashi [12]. As Dr. 
Zdravkovich suggests, these differences were possibly caused 

Downstream l/d 
cy l i nde r D 5 . 0 

o 7-0 

A 10-0 

60 120 
Gdeg. 

Fig. 8 R.m.s. pressure distribution for the downstream cylinder at 
/ /d = 5, 7, and 10. The uncertainty in the ordinate is ±0.01 and that in 
the abscissa is ± 0.2 deg. 

by the different flow regimes. At present the authors have no 
clear idea about this feature. It should be noted that in this 
experiment the reattachment peak was always greater than the 
separation peak in the range IId = 4-10, as shown in Fig. 8. 
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Gas Flow Resistance 
Measurements Through Packed 
Beds at High Reynolds Numbers1 

This research study indicates that the classical Reynolds number dependency of the 
coefficient of drag for gases forced into packed beds is not correct at high Reynolds 
numbers. Care must also be taken to account for boundary layer wall effects that 
occur when the ratio of test chamber diameter to bead particle diameter is too small. 
Included is a review of the literature pertaining to gaseous flow resistance in packed 
beds. An existing test facility used in a previous study was found unsatisfactory, 
and necessary corrections were made to obtain normalized pressure gradient 
measurements at increasingly high Reynolds numbers. The resultant data was 
organized into a new correlation for the coefficient of drag, that is 

( Re \ °-8T 

Fv = 150 + 3.89ljlr) 

This formula was developed for air flowing over spherical particles at Reynolds 
numbers ranging from 103-10s. 

Introduction 

The resistance of gaseous flow through packed beds of 
various sized particles is a problem of fundamental concern 
for the viscous interaction and the resulting pressure drop. 
This phenomenon has been investigated by numerous 
researchers, extending back to the work of Orborn Reynolds 
in the early 1900's. One attempts to determine a fundamental 
coefficient of drag based on properties of the fluid and the 
solid. The factors which determine the energy loss (or pressure 
loss) are numerous, and the analysis requires many sim
plifying assumptions. 

Reference [1] gives a review of the important literature on 
the reported functions for AP/L (pressure gradient) as a 
function of the steady flow properties. A more recent review 
was made in the report by Wilcox and Krier [2]. The work 
reported by previous investigators can be catalogued by a 
coefficient of drag, Fv, defined as 

AP D\ ( <t> y 

where <j> represents the porosity of the packed bed, and (1 - </>) 
is the solids loading, Db is the (spherical) particle diameter, y. 
is the gas viscosity, and t/avg is the average gas velocity, 
determined from the mass flow in a channel of area, Ap. That 
is 

Uivg = m/pgAp4> (1«) 

1 Work supported by Air Force Office of Scientific Research under grant 
AFOSR 77-3336; Dr. Leonard H. Caveny was contract monitor. 

Contributed by the Fluids Engineering Division and presented at the ASME 
Applied Mechanics, Bioengineering, and Fluids Engineering Conference, 
Houston, Texas, June 20-22, 1983. Manuscript received by the Fluids 
Engineering Division, January 11, 1982. Paper No. 83-FE-8. 

Table 1 is a summary of the work that deals specifically 
with flow resistance measurements of gases through packed 
spherical particles. The table lists the investigators (including 
the reference), the range of the flow Reynolds number 
(defined in equation (3)), the range of porosities and the bead 
sizes tested. The earliest systematic work in which a coef
ficient of drag was determined was based on the experiments 
as correlated by Ergun (3). This classical work specifies that 
the pressure losses in a packed bed are caused by simultaneous 
kinetic and viscous energy losses, and the coefficient of drag 
may be presented as 

Fv= 150 + 1.75 ( — ) V 1 - 0 / 
(2) 

where 

Re = pt/avgJD64>/M (3) 
More recently other researchers have attempted to verify 

Ergun's correlation and extend the range of the correlation 
validity. Kuo and Nydegger [4], in an attempt to verify the 
Ergun equation, developed a correlation for an extended 
Reynolds number range. Their correlation was 

Fv = 276.23 + 5.05 (£) (4) 

Robbins and Gough [5] also performed experiments to 
determine coefficient of drag at high Reynolds numbers. 
Although they did not propose a correlation for the coef
ficient of drag, they did acquire a large amount of data which 
they presented in terms of an inverse coefficient of drag 
defined as 
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Table 1 

Investigator 

Ergun [3] 

Kuo/Nydegger [4] 

Robbins/Gough [5] 

Jones/Krier 

Re (range) 

0.4-1380 

460-14,600 

778-79,200 

440-76,000 

Porosity 

0.40-0.65 

0.38-0.39-

0.39-0.40 

0.38-0.44 

Spherical (mm) 
bead size range 

0.83 
(one size) 

1.25-8 

1-6 

Max air 
pressure 

14MPa 

20MPa 

2.5 MPa 

Range 
Dc/Db 

9.3 
(one ratio) 

9.6-60 

8.5-50 

fs = 
AP DbP 

(5) 
Manometer 

L (PUavg<j>)2 1 - 0 

Utilizing equation (5), Ergun's correlation, equation (2) 
becomes 

/ , = 1.75 + 
150(1-0) 

Re 

while eqution (6) developed by Kuo and Nydegger is 

- 276.23 / Re \ -°-13 

/ , = - ^ _ ( l - , ) + 5 . 05( — ) Re 

(6) 

(7) 

Motivation 

The final column of Table 1 shows the ratio of test chamber 
diameter to bead diameter, Dc/Db. It should be noted here 
that the experiments of Kuo and Nydegger were carried out 
inside a very small diameter tube, while Robbins and Gough 
(and this study) used a relatively large diameter test section. 
Based on Benenati and Brosilow (6), it seems logical that the 
boundary layer effects are minimal, as well as the best 
averaged uniform porosity occurs when Dc/Db is large. The 
work that follows indicates that this ratio of Dc/Db must be 
sufficiently large so that frictional effects on the walls do not 
interfere with the measurement of the fundamental resistance 
properties through the packed bed. Experiments were carried 
out to acquire data to check on the validity and to extend the 
range of the correlations stated above. 

In order to investigate the gas-particle drag interaction, a 
cold flow experimental apparatus was developed at the 
University of Illinois by Wilcox and Krier [2] to perform 
experiments which would substantiate existing correlations 
for a coefficient of drag through a packed bed or which would 
develop a new correlation at high Reynolds numbers ap
proaching 105. It was this test apparatus which was modified 
by the present study so that one could accurately compare 
drag measurements to ascertain the wall confinement effects 
which have been briefly discussed above. 

Test Facility 

Figure 1 gives a detailed schematic of the modified 
Wilcox/Krier experimental apparatus. The 20 cm long test 
section which contains the packed bed is 5.08 cm in diameter. 
The 20 cm length of the test section was similar to that used by 
the other researchers, and allows enough distance from the 
ends of the test section to the first and last pressure transducer 
so that the entrance and exit flow patterns do not bias the 
pressure data. Also the length chosen would diminish any 
errors that may occur due to nonuniformity in packing. 

A Grove Pressure Reducing Regulator, Model 82-829 (4.96 
MPa max inlet), regulates the compressed air source to the 
desired test pressure. This regulator could handle the source 
pressure of .3.1 MPa, required mass flow, and in addition, 
regulate itself so that the desired test pressure in the plenum 
tank would not fluctuate. 

The regulated compresses air enters a plenum tank with an 
inner diameter of 7.60 cm. This enlarged diameter, from 3.22 

Straightening 
Vanes 

Pressure 
Transdusers 

Test Section 

Fig. 1 Schematic of test facility to measure friction factor in packed 
beds. (Bed is located in the section below the two pressure trans
ducers.) 

cm in the pipe, to 7.60 cm in the plenum, was designed to 
bring the gas to a low velocity. The straightening vanes 
smooth the flow of air in the plenum. The Bourdon Pressure 
Gauge indicates the test pressure, equal to the stagnation 
pressure, P0. The Bourdon gauge is a Solfrunt 4.5 inch test 
gauge with a range of 0-1000 psig and a plus or minus 0.25 
percent of span accuracy. Temperature is monitored using 
three Omega thermocouples located along the test apparatus 
length as shown. There are chromel-alumel, CASS-186-12, 
gounded junction probes that are designed to provide fast 
response under high pressures. These thermocouples measure 
the stagnation temperature, T0. 

The plenum opens into a 50.8 cm section of pipe which 
further stabilizes the flow before it reaches the standard 
ASME orifice meter which is used to measure mass flow. A 
Meriam manometer, Model 20AA25 WM is used to measure 
the pressure drop across the orifice meter. On the downstream 
side of the orifice the flow enters a straightening vane section. 
Based on the recommended minimum lengths of pipe 
preceding and following the orifice, a 23 cm long expansion-
straightening section is used. 

The 20 cm long and 5.08 cm diameter test section is directly 
mounted to the straightening section. This section has a screen 
mesh as the entrance and a metal stainless steel grid at the exit 
to secure the packed bed in the test section. There are two 
rapid response pressure transducers mounted on the test 
section to measure the pressure drop of the gas as it flows 
through the packed bed. They are Setra Systems, Model 205, 
with a pressure range of 0 - 3.45 x 106 Pa, a one millisecond 
response time and an accuracy of 0.11 percent at full scale. 
This type of transducer provides output signals for detection 
of any fluctuation in the steady-state air flow. 

Appendix A provides additional details of how the data was 
recorded. The uncertainty for the measurements are given 
there. 

Specific Experiments Performed 

Flow resistance experiments were performed using the 5.08 
cm diameter test section in which spherical glass beads of 
0.96, 1.5, 2, 3,4, and 6 mm diameter were packed. 

The pressure gradient data was reduced, analyzed, and 
compared to the theoretical correlation of Ergun, Kuo, and 
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Fig. 2 Coefficient of drag: comparison of data for lowest value of 
Dc/Db with Kuo/Nydegger correlation, (uncertainty in Fv = ± 6 percent 
and in Re = ± 4.5 percent; see Appendix) 

Nydegger, as well as to the experimental data of Robbins and 
Gough. 

Coefficient of Drag Correlation 

Figure 2 represents data obtained in this work for the 
normalized pressure gradient as a function of Reynolds 
number for 6 mm beads at a loading porosity of 0.43, loaded 
in the 5.08 cm diameter cylindrical tube. The data indicates 
that the correlation of Kuo and Nydegger [4] matches fairly 
well to the data obtained in this study. 

It is interesting to note that the ratio of the container 
diameter to bead diameter, Dc/Db in the experimental data 
shown in Fig. 2, is approximately equal to the ratio used by 
Kuo and Nydegger. It is believed that this ratio is actually too 
small and that a larger test section diameter should have been 
used. This is made clear in subsequent data presented below. 

Figure 3 represents the coefficient of drag plotted versus 
Reynolds number. The data, plotted on log-log paper, in
dicate that Fv is proportional to Re, where the exponent is 
identical to the value as reported by Kuo and Nydegger, c = 
0.87. Note that the data for the 6 mm beads (in which the 
Dc/Db ratio was below 10) shows a translation to higher 
values of Fv for equal Reynolds number compared to the 
majority of tests where the ratio of Dc/Db was greater than 
20. As seen in this figure, the 6 mm bead coefficient of drag in 
fact has the same slope when plotted versus Re but a different 
intercept value than the more correct higher Dc/Db ratio 
cases. 

In order to obtain a correlation of Fv versus Re' (i.e., 
Reynolds number divided by (1 - <p)) the data presented in 
Fig. 3 were replotted in order to obtain our new correlation. 
The results are shown in Fig. 4. Based on the large number of 
tests carried out for conditions in which the ratio of chamber 
diameter to bead diameter was at least 20 or greater, our 
correlation is 

Fv = 150 + 3.89 (£) (8) 

For comparison, the correlation of Kuo and Nydegger and the 
correlation of Ergun are listed on the figure. As has been 
pointed out, the data for the 6 mm bead are satisfied quite 
accurately by the Kuo/Nydegger correlation. 

Table 2 summarizes the coefficient of drag correlation and 
the range of Re' in which those experiments have been carried 
out. It should be noted that in the current study the range of 
the Reynolds number has been extended significantly. Sub-
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Fig. 3 Coefficient of drag plotted versus Reynolds number. Top line 
shows data for Dc/Db < 10 and bottom line shows data for Dc/Db > 20. 
(uncertainty in Fv = ± 6 percent and in Re = ± 4.5 percent; see Ap
pendix) 

Kuo a Nydegger s 

Correlation 
Fv=276.23+5.05(Re/ l -d))a 8 7 

Present Correlation 

Fv=150+3.89(Re/l-<£)Q 8 7 

[Ergun Correlation 

Fv=150 + 1.75Re/l-d>] 

(Not Shown) 

Re/U-d)) 

Fig. 4 Comparison of coefficient of drag: present correlation uses 
data for 1, 1.5, 2, 3, and 4mm spherical beads (all data obtained with 
DclDb > 20). (uncertainty in Fv = ± 6 percent and in Re = ± 4.5 
percent; see Appendix) 

Table 2 

Investigators<a> Fv 

Ergun [3] Fv 

Kuo and Nydegger [4] Fv 

Jones, Krier Fv 
(this study) 

(coefficient of drag) 

= 150 +1.75 (Re) 

= 276 + 5.05 Re(0-87) 

= 150 +3.89 (Re)0'87 

Re = R e / ( l - 0 ) 

0.67<Re<2300 

767 < Re < 243 30 

733 < Re < 126670 

(o) Robbins/Gough [5] presented data of fs versus Re; their data 
correlates very well with Jones/Krier correlation. 

sequent figures comparing our correlation for the coefficient 
of drag with the Robbins/Gough data are presented later. 

Although it may appear that the present correlation, as 
shown in Fig. 4 (and also in Table 2) does not vary ap
preciably from those published by the other researchers; the 
calculation of the pressure gradient AP/L at two specific 
Reynolds numbers will bear out that the differences are in fact 
significant. Table 3 presents such a comparison. In order to 
make the comparison meaningful, we have chosen a constant 
bead diameter of 1 mm packed at a porosity of 0.39. Nominal 
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Table 3 

(KPa) (Kg/rr 
Re 

Correlation Fv AP/L 

687 

2061 

8.12 

24.6 

2911 

8733 

Ergun 
Kuo/Nydegger 
Jones/Krier 

Ergun 
Kuo/Nydegger 
Jones/Krier 

5244 
5488 
4165 

15,433 
13,831 
10,591 

2.31 (MPa/m) 
2.43 
1.83 

6.80 
6.09 
4.66 

Given: Db= lmm; $ = 0.39; C/avg = 10m/s; MS= 1.8X 10 "5 kg/ms 

Since AP/L=Fv ("#)(¥) = 440.4 Fv (nt/m1) 
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Fig. 5 Coefficient of drag (1mm spherical beads in 50mm diameter 
pipe): comparison with three correlations. 

values of gas viscosity are used and more importantly the gas 
velocity is assumed to be fixed at 10 m/s. Fixing the velocity 
requires a given value of the mass flow per unit area, the 
pressure of the system and the temperature. Table 3 lists in the 
last two columns predicted values for AP/L for two different 
Reynolds numbers based on the input value discussed in the 
above sentence. The first normalized Reynolds number, Re ' , 
was calculated to be 2911, a nominal value which was ob
tained by using a value of 8.2 Kg/m3 for the gas density. Such 
a density is achieved for room temperature air at a pressure of 
687 KPa. The calculated values for the coefficient of drag and 
the pressure gradients are listed in Table 3. Clearly the present 
correlation provides the smallest pressure gradient (units of 
MPa/m). 

At a significantly high Reynolds number, Re' exceeding 
8700, and with a density of almost 25 Kg/m3 the new 
correlation presented in this work provides a significantly 
lower coefficient of drag. One can make the general con
clusion that at Reynolds numbers greater than 10,000 the 
present correlation provides a pressure gradient that is about 
half as large as that predicted by Ergun and about 85 percent 
that of the Kuo/Nydegger correlation. It should be added that 
tests carried out at these high Reynolds numbers verify the 
present correlation. In fact, it is through the measurement of 
the pressure gradient, AP/L, that one obtains the formula for 
Fv. Until tests are carried out at Reynolds numbers that are 
even higher than those tested and presented here, the upper 
limit Reynolds number for using equation (8) should be about 
105. 
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Fig. 7 Data by Robbins and Gough. Present correlation plotted for <|>o 
= 0.39. (Data from reference [5]; no uncertainty given) 

Another way to compare the three coefficients of drag as 
the function of Reynolds is to plot the three equations shown 
in Table 3 directly as a function of Reynolds number. This is 
done in Fig. 5. The data superimposed on the present 
correlation was for 1 mm diameter bead confined in our 50 
mm diameter test section. Again, it is clear that had one 
utilized either the Kuo/Nydegger correlation at Reynolds 
numbers exceeding 5000, the coefficient of drag would have 
been clearly over estimated by the other correlations. 

Further Substantiation for New Fv 

The data of Robbins/Gough [5], was presented in terms of 

Journal of Fluids Engineering JUNE 1983, Vol. 105/171 

Downloaded 02 Jun 2010 to 171.66.16.90. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Table Al 

Parameter Meaning 

Range of 
parameter 
tested 

% of uncertainty 
range 

L 

AP 

D 
* 
T 

•i 
m 

AP 

H 

Re 

Fv 

Distance in packed bed 
separating pressure 
transducers 
Pressure drop in packed 
bed 
Particle bead diameter 
Bead porosity 
Gas temperature 
Gas pressure in bed 

Air mass flow rates 

Port diameter 

Air viscosity 

Reynolds number 
Coefficient of drag 

10.2 cm 
(fixed) 

50to550KPa 

0.96 to 6.0 mm 
0.372 to 0.436 
13°Cto27°C 
200KPato2.5MPa 

Kg 
0.02 to 1.1 — 

sec 

2.54 cm to 
5.08 cm 
1.82 x 10"5 

Kg/s-m 

440 to 76,000 
1.5(103)to 
145(103) 

None 

± 2 to ±0.4% 

±2 to 1.5% 
±1.5% to ± 1 % 
± 3 % to 1.6% 
±1.8% to ±1.2% 

±1 .5% to ±0 .5% 

None 

None assumed 

±4 .5% to ±2 .8% 
±5.8% to 4.5% 

a friction factor, fs. Recall one can express the coefficient of 
friction Fv as an inverse function of fs. Rewriting the present 
correlation (equation (8)) as an inverse coefficient of drag, 
one obtains 

/ , 
150(1-0) 

Re 
+ 3.89 (£) (9) 

Figure 6 compares equation (9) (the present correlation forfs) 
with the pressure drop data obtained by Robbins and Gough. 
It is not surprising that the data fits fairly accurately with the 
present correlation. It has been mentioned that Robbins and 
Gough noted (reference [4]) that their data did not satisfy the 
Kuo and Nydegger correlation. Such a correlation is shown in 
Fig. 6 for comparison. Also shown is the correlation of 
Ergun. 

The conclusion is striking. The data obtained in the tests by 
Robbins and Gough verify fairly completely the present 
correlation, and thereby calling into question the accuracy of 
the other two correlations. Figure 7, taken from reference [5], 
shows additional data presented by Robbins and Gough for 
two specific sizes. Again, the present correlation for fs 

(equation (9)) has been inserted and indicates a very ac
ceptable correlation of that data. 

Conclusions and Recommendations 

The work presented above has shown that the correlation of 
Ergun cannot be extended beyond Reynolds numbers of 103. 
The correlation for the coefficient of drag developed by Kuo 
and Nydegger, although properly identifying a Reynolds 
number exponent, is of limited value because the data was 
obtained for a test chamber diameter that is too small for the 
bead diameter. Having carried out hundreds of tests in cold 
flow high pressure gases, we have obtained a correlation that 
is universal and extends to Reynolds numbers approaching 
greater than 105. It has also been shown that the correlation 
presented here adequately describes the data reported by 
Robbins/Gough. 
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A P P E N D I X 

Estimates of Uncertainty of Experimental Data 
Our data are shown in Figs. 2-5, as coefficient of drag, Fv 

versus Reynolds number. Now Fu is deduced from equation 
(1), with the average gas velocity determined from equation 
(la). The Reynolds number is calculated from equations (3) 
and (la). Thus 

F„m 
(AP) Dl 

V L 

£/„„. 
' A^avg 

= m/pgAp 

mDb 

( — ) 

Re = 

flow, m, 

(Al) 

(A2) 

(A3) 

made using a 
monometer to 
Porosity was 

Measurements of the mass flow, m, were 
standard ASME orifice meter with a large 
measure pressure drop across the orifice. 
calculated by measuring the weight of all particles taking up 
the measured bed volume. Thus 

mass of beads/density of bead material 
<t>= 1 • 

volume of test section including beads 

The gas density was calculated by taking the two pressure 
measurements (where AP/L was recorded) averaging and then 
dividing by RTg, where Tg was measured by thermocouples 
imbedded in the bed. 
Table Al summarizes the average percent uncertainty in the 
parameters measured that were used to calculate Fv and Re. 
The last two lines indicate estimates in uncertainty for F„ and 
Re. 
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D I S C U S S I O N 

E.J.Henley2 

Professor Krier and Mr. Jones have made a contribution in 
extending current pressure-drop-through-packed-bed correla
tions to the realm of higher Reynolds numbers. Reliable, new 
data in this field are always welcome, and improved 
correlations with empirical constants which fit the data a little 
better than the old ones will be useful to the design engineer. 

The Ergun equation for predicting pressure drop through 
packed-bed gas absorbers is widely used by chemical 
engineers. Unfortunately, in this low-Reynold's-number-
chemical-engineering application, the packing does not 
consist of smooth, round glass spheres, and one of the most 
difficult variables for the designer to conjur is the "effective 

diameter" of the particles which, typically, consist of saddles, 
or oddly punched-out meshes. Empirical parameters whch are 
particle-specific are frequently used in conjunction with the 
Ergun equation. 

Higher-Reynold's number-flow packed beds are of interest 
primarily to chemical reactor engineers. Here the flow is 
through particles of catalysts. Typically, these are irregular 
particles; many have very rough surfaces. 

It is unfortunate that the area of flow through packed beds 
has, for decades, been considered intractable by theoreticians, 
and abandoned by experimentalists. Perhaps this paper will 
help revive interest in this field. 
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Effect of Tumbling and Burning on 
the Drag of Bluff Objects 
The drag on various tumbling, nonburning wooden plates, cubes, rods, and wood 
chips was determined by measuring the free-fall velocity. The drag coefficient was 
reduced by a factor of 0.46 to 0.72 compared to the drag coefficient with the largest 
flat surface oriented perpendicular to the flow. The drag coefficient of burning 
wooden cubes and disks which are not tumbling was half that of identical non-
burning, nontumbling cubes and disks. The drag coefficient of burning wooden 
cylinders with axes normal to the flow was slightly larger than nonburning cylinders 
with the same orientation. The information was obtained in order to better model 
the trajectory of solid fuel particles in furnaces. 

I Introduction 
The aerodynamic drag on fuel particles which are fed into a 

boiler is a key parameter in modeling the residence time of the 
fuel, and hence the combustion efficiency and particulate 
emissions, for suspension burners, stoker spreaders and 
fluidized beds. The fuel may, for example, be crushed coal, 
hog-wood fuel, refuse-derived-fuel or agricultural waste. 
Typically the fuel may range in size from 2-50 mm, and have 
shapes ranging from chunks to flat plates to rod-like stringers. 

When the fuel particles are injected from the top or side of 
the boiler, the fuel falls if the weight is greater than the drag, 
and rises if the drag is greater than the weight. The particles 
accelerate and tumble as they are carried by the flow. The 
particles lose weight and change shape as they burn. A 
complete data set which considers these factors in a manner 
useful for alternative solid fuels is not currently available in 
the literature. Hence the purpose of this paper is to present 
experimental drag data on a set of variously shaped objects, 
and to present correlations of these data in a manner useful 
for modeling trajectories of irregularly-shaped particles. 
Freely-falling, tumbling, non-burning objects along with 
stationary, burning objects are investigated. 

A review of the literature suggests that the drag coefficient 
(CD) of an object is a function of Reynolds number, shape, 
acceleration, turbulence, spacing between neighboring 
particles, particle rotation, and vaporization/combustion of 
the particle. 

Drag coefficients of inert, nonrotating spheres and 
cylinders are well known over a Reynolds number (Re) range 
of 10"2 to 107 for steady flow [1]. For bluff bodies CD for a 
wide variety of shapes is known for Re greater than 1000 since 
the flow separates at the corners of the body and CD is 
essentially independent of Re. However, for Re less than 103, 
CD depends on Re. For a circular disk normal to the flow, CD 
essentially approaches that of a sphere for Re less than 20, 
and is known over the full Re range [2, 3]. The drag coef-

Now employed at Briggs and Stratton Corp., Milwaukee, Wise. 
Contributed by the Fluids Engineering Division for publication in the 

JOURNAL OF FLUIDS ENGINEERING. Manuscript received by the Fluids 
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Fig. 1 Drag coefficient versus Reynolds number for infinitely long 
smooth cylinders, thin disks, and smooth spheres, all nonburning, 
nonrotating 

ficient of spheres, infinite cylinders and thin disks over a 
Reynolds Number of 1 to 20,000 is shown in Fig. 1. For other 
bluff bodies CD is not available for Re less than 1000. 

Many authors have sought to define universal shape factors 
which can relate the drag of nonspherical particles to that of a 
sphere. No entirely satisfactory or universally accepted shape 
factor has yet been developed [4]. Degree of sphericity, 
equivalent projected area, equivalent surface area, and other 
parameters have been tried. 

Acceleration appears not to have any effect on the drag 
coefficient of solid spheres and cylinders in a gaseous fluid [5, 
6]. For disks in the face-on orientation there is a steady 
decrease in drag coefficient of about 10 percent as the ac
celeration increases from 0 to 10 m/s2 [5]. Roberson [7] has 
shown that increased turbulence increases the drag on disks 
and square plates, and decreases the drag on cubes, cylinders, 
and rods for 5000 < Re < 70,000. In some instances the 
change is up to 50 percent. 
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Freely-falling bluff objects such as a disk tend to fall with 
the largest flat surface perpendicular to the direction of 
motion, once a steady state condition is reached. If Re is 
above 100 the object will oscillate about the longest axis due 
to the turbulent wake and a zig-zag motion is produced which 
depends on the moment of inertia of the object as well as Re 
[8]. The distance required to reach a steady-state free-fall 
condition, independent of the initial starting orientation, is 
short for liquid media but rather long for gaseous media. 
Christiansen and Barker [8] used a 125 m drop in air, for 
example. For objects such as wood and refuse which are 
injected into a boiler, the initial injection will cause the 
particles to tumble and the rotations are not likely to damp-
out inside the furnace except for very lightweight objects such 
as paper. The drag data and correlations given in [8] are not 
applicable to tumbling objects. 

Experimental drag coefficient studies of burning kerosene 
drops have been done by Bolt and Wolf (see [9]) for Re < 1. 
These results indicate a decrease in drag coefficient due to 
burning. Rabin et al. [see 9] determined the drag coefficient of 
burning and non-burning liquid fuel drops accelerating due to 
the convective flow behind a shock wave. Rabin's data also 
indicated a decrease in the drag coefficient due to burning for 
100 < Re < 10,000. Similarly, Crowe [6] found that the drag 
on 250 tun solid spheres was reduced 15 percent due to burn
ing. 

First, the experimental results on the aerodynamic drag of 
nonburning irregularly-shaped objects, which are freely 
falling and tumbling in still air, are presented, and then drag 
data for stationary, burning cubes, and cylinders are 
presented and discussed. 

II Nonburning Objects 

Experimental Technique and Analysis Procedure. The drag 
on irregularly-shaped particles was determined by dropping 
individual particles in quiescent air and measuring their 
velocity as a function of distance. 

Light from three light bulbs operating with direct current 
was passed through three 20.3 cm wide by 0.16 cm slits spaced 
20.3 cm apart. Each plane of light was focused to a 
photodiode by means of a Fresnel lens. The photodiodes were 
connected to operational amplifiers which started and 
stopped two electronic time interval counters. The counters 
were adjusted so that an object blocking only 1.5 percent of 
the light striking the photodiode would trigger the counter. 

The target area through which the objects must fall was 
limited to 20 by 30 cm in order to minimize error due to 
drifting particles which could actually travel farther than the 
vertical distance between the planes of light. The vertical 
distance between light planes was 20.3 cm, which is large 

compared to the size of the objects so as to limit the effect of 
tumbling on the time interval measurement. Nevertheless a 
certain error in the apparent transit time was introduced by 
tumbling. This necessitated repeating each drop 10 times. If 
the separation distance is too large, then error due to ac
celeration becomes significant. 

Each object was dropped from 6 different heights up to 4.7 
m above the light plane. In this way a curve of velocity versus 
distance was obtained. Greater heights could not be used, in 
order to achieve terminal velocity, because of particle drift 
due to tumbling. One drop gave two velocities from the two 
time interval counters. These velocities were assumed to be 
midway between the planes of light, which is correct if the 
acceleration is small. 

Before each test session, the sensitivity of each counter was 
adjusted until a 3.1 mm diam. ball bearing just triggered the 
counters. A ping-pong ball was used repetitively as a check, 
also. 

As the objects fell they tended to rotate or tumble rather 
rapidly. Typically several turns were made in the space of 
traversing the light planes. The measured velocity was 
essentially independent of initial orientation of the particle. 
No initial rotation was given to the particles. 

A curve fit of the velocity versus distance data for each 
object was made using a linear equation of the following 
form: 

VW9 = a/x+P 

o 
m 
o 
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_i 
_i 

2 
o 
>-

o 
Q 
LU > 

Wood 
chip (15) 

R o d ( 2 2 ) 

Square 
plate (I) 

0 1 2 3 4 5 
DISTANCE FALLEN ( m ) 

Fig. 2 Velocity of falling objects versus distance travelled. Each curve 
represents 10 repetitions at four initial heights; range of data shown by 
vertical lines. 

Table 1 Characteristics of nonburning objects tested 

Object 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
13 
14 
15 
20 
22 

Shape 

Square plate 
Rectangular plate 
Rectangular plate 
Rectangular prism 
Square plate 
Rectangular plate 
Cube 
Triangular rod 
Triangular plate 
Cylindrical rod 
Wood chip 
Wood chip 
Wood chip 
Wood chip 
Ping-pong ball 
Cylindrical rod 

Weight (mg) 

418 
315 
207 
616 

95 
875 
343 
964 
210 
205 
933 
475 
112 
630 

2500 
100 

Size (cm) 

2.00 wide, 2.00 long, 0.15 thick 
1.00 wide, 3.00 long, 0.15 thick 
0.52 wide, 4.04 long, 0.15 thick 
0.85 wide, 2.03 long, 0.85 thick 
0.93 wide, 0.94 long, 0.16 thick 
2.00 wide, 4.00 long, 0.16 thick 
0.88 wide, 0.98 long, 1.00 thick 
0.78 altitude, 1.48 base, 3.25 long 
1.38 altitude, 2.69 base, 0.16 thick 
0.23 diameter, 6.75 long 
2.5 wide, 2.1 long, 0.24 thick 
1.7 wide, 2.6 long, 0.16 thick 
0.66 wide, 1.8 long, 0.14 thick 
1.5 wide, 2.4 long, 0.26 thick 
3.75 diameter 
0.20 diameter, 2.56 long 
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Table 2 Analysis of drag coefficients for tumbling objects 

Object 
Length 

width 

Max fixed 
Co 

Max fixed 
CDA (cm2) 

Falling 
CDA (cm2) 

Falling CDA 

Fixed CDA 

Plate-like 

Square plate (1) 
Square plate (5) 
Rectangular plate (6) 
Rectangular plate (2) 
Rectangular plate (3) 
Triangular plate (9) 
Thin wood chip (11) 
Thin wood chip (15) 
Thicker wood chip (13) 
Thicker wood chip (14) 

Cube-like 
Cube (7) 
Rectangular prism (4) 

Rod-like 
Cylindrical rod (22) 
Cylindrical rod (10) 

2.7 

1 
2.4 

18 
30 

1.18 
1.18 
1.19 
1.19 
1.26 
1.19 
1.19 
1.19 
1.19 
1.19 

1.1 
1.1 

.91 

.95 

4.71 
1.03 
9.35 
3.55 
2.65 
2.19 
6.19 
4.26 
5.22 
1.48 

1.41 
2.67 

0.71 
1.45 

3.10±.14 
0.64 ±.03 
6.06 ±.40 
2.02 ±.10 
1.23 ±.09 
1.16±.07 
4.26±.21 
2.65±.21 
2.71 ±.14 
0.71 ±.05 

1.01 ±.02 
1.81 ±.06 

0.48 ±.03 
0.90±,09 

0.66 
0.62 
0.65 
0.58 
0.46 
0.53 
0.69 
0.62 
0.52 
0.48 

0.72 
0.68 

0.68 
0.62 

where a and /3 are constants determined by the method of 
least-squares. This curve fit was chosen to prevent any in
flection points in what should be a monotonic curve. 

The drag force was obtained from the velocity versus 
distance curve in the following way. The mass times the ac
celeration of the object equals the weight minus the drag, 
minus the buoyancy, plus the inertial force of the fluid being 
disturbed (virtual mass). In these experiments the latter two 
terms may be neglected. The drag force is represented by the 
drag coefficients times the projected frontal area times the 
dynamic pressure: 

CDApaV
2 

drag = (2) 

The equation of motion for the falling object is 

dV 

dt 
= g-KCDA V2. 

where 

K=pa/2M. 

M= particle mass 

and solving for CD in equation (3) we obtain 

(3) 

(4) 

? + 
C„ = 

(T •')'( > 
(5) 

KAV2 

Thus the drag coefficient (and drag) may be obtained from a 
curve fit of the velocity versus distance data, provided the 
appropriate area to be discussed below is specified. 

For a given object the measured velocity Kand the curve fit 
coefficients a and /3 will exhibit some variability. The velocity 
V was measured 10 times at each distance x for each object, 
and is a random variable independent of a and (S. The error in 
the determination of CD may be obtained from the combined 
errors associated with V, a, and (3 according to 

Var(CD) = C,2 Var( V) + C2
 2 Var(a) 

+ C3
2Var(3 + 2C2C3Cov(Q:, /3). (6) 

Var is the variance and Cov is the covariance and where the 
coefficients are obtained by differentiating equation (5) as 
follows: 

n _3CD _ -9VZ*a/X2-2g . 

c. 
dCD 144 Z1 a/X^ + l&Z^X2 

da 

dCD 

3/3 

KAV 

72 Z7 a 

~ KAVx1 

(8) 

(9) 

(10) 

KAV3 

The most probably error associated with the drag coef
ficient, P, is used in the tables of experimental results and is 
given by 

P = 0.675 [Var(Cfl)]1/2. (11) 

Results for Nonburning Objects. The objects tested may be 
grouped as plate-like, cube-like, and rod-like. The size, shape, 
and weight of each object is given in Table 1. The objects were 
made of wood except for the ping-pong ball which was used 
for validation purposes. Objects 1,2, 3, 5, and 6 were thin 
rectangular plates with various length to width ratios; object 9 
was a thin triangular plate. Object 4 was a rectangular cube, 7 
a square cube and 8 a prism. Objects 10 and 22 were cylin
drical rods. Objects 11, 13, 14, and 15 were actual wood chips 
with various length to width ratios. 

The velocity (as obtained from the time to fall the 20.3 cm 
distance between slits) versus distance traveled curves are 
presented for a few representative objects in Fig. 2. The error 
bars represent the extremes of the data after the highest and 
lowest values were discarded. The solid lines are curve fits of 
the data using equation (1). The curves are fit through the 
origin. Considerable scatter is expected because the objects 
are rotating and break the planes of light in different 
orientations. The velocities, which approached terminal 
velocity but were not quite at terminal velocity, ranged from 
4.5 to 7.5 m/s, and the Reynolds numbers (based on the 
largest characteristic distance of the object) ranged from 1500 
to 18,000. 

First, the drag coefficient for the ping-pong ball was ob
tained from equation (5) as a check on the technique, as 
shown in Fig. 3. The drag coefficient is 0.53 at the large 
distances. The generally accepted value for a smooth sphere 
with this Re = 1.8 x 104 is 0.45. The difference is believed to 
be due to surface roughness and also analysis error due to 
acceleration. For this method to be accurate the acceleration 
must be small or otherwise an error is introduced into the 
assignment of the position x associated with the mean velocity 
between the two planes of light. Hence only the flat part of the 
curve can be used for determination of the drag coefficient. 
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Fortunately, the irregularly-shaped particles approach ter
minal velocity more rapidly than smooth spheres. 

When working with tumbling objects the projected surface 
area is not known, and hence we have determined CDA using 
equation (5) rather than CD. A plot of CDA versus distance is 
given in Fig. 3 for representative objects. It is seen that 
reasonably constant values are obtained after 3 m of travel. 

The values of CDA which were measured for the various 
falling particles are summarized in Table 2. The maximum 
fixed orientation values of CD are obtained from the 
literature. The maximum fixed CDA values are based on the 
largest projected frontal area of the objects. For cubes the 
area of the largest face is used. In the last column of Table 2 
the ratio of the measured parameter CDA to the maximum 
fixed orientation value of CDA is given. The particles have 
been grouped into three categories: plate-like, cube-like and 
rod-like. Plate-like objects have a falling drag to fixed drag 
ratio of about 0.58, whereas cube-like average 0.70 and rod
like average 0.65. In addition, within each category the falling 
drag to fixed drag ratio decreases slightly with increasing 
length to width ratio. 

As a generalization then, the drag on a tumbling, non-
burning, bluff body may be calculated by calculating the drag 
on a fixed particle oriented in the position of maximum drag 
and then multiplying by 0.6 to account for the tumbling. A 
more accurate value (ranging from 0.46 to 0.72) for the 
tumbling correction factor may be obtained by using Table 2. 

Wood chip (II) 

< 
o°2 

O'-A-

DISTANCE FALLEN (m) 

Fig. 3 Drag coefficient times frontal area versus distance travelled for 
several representative objects 

Further details on the technique and data obtained 
regarding the nonburning experiments are given in the thesis 
by Mason [10]. 

Ill Burning Particles 

Experimental Technique. The drag on burning objects was 
obtained by suspending the object from an electronic balance 
in a heated air stream. The combustion occurred in a vertical, 
insulated, circular duct, 51 mm in diameter, with electrically 
heated air flowing upwards around the object. The test object 
was fixed to a thin glass rod extending out of the furnace away 
from the heated area and attaching to the balance above. A 
solenoid valve in the air line was used to allow rapid shutoff 
of air flow. 

The drag measurements were made by placing the object in 
the furnace under flowing conditions and continually 
monitoring the weight minus the drag. The flow was 
periodically shut off to determine the instantaneous weight. 
The drag was then obtained by subtracting the two readings. 

Room-dried oak in the shape of cubes (10 mm and 20 mm), 
disks, and cylinders (10 mm dia) were tested. The cubes were 
burned in three orientations: flat with the bottom surface 
perpendicular to the flow, rotated 45 degrees along the central 
axis such that the leading edge appears as a wedge, and 
oriented such that the leading and trailing edges are points. 

Results for Burning Objects. The difference between the 
drag coefficient for burning and non-burning cubes is very 
dramatic as shown in Table 3. In nearly all cases the drag 
coefficient is reduced by at least a factor of two when the cube 
is ignited. Even with the limited number of samples tested this 
trend is very consistent despite the relatively large error bands 
in the burning drag analysis. These error bands were obtained 
by evaluating the variance of the experimental measurements 
and then calculating most probable error. The values of the 
drag coefficients for the 10 mm cubes versus the 20 mm are 
not directly comparable because wall effects are more strongly 
felt by the larger particles. No significant trends can be 
established as to the effect of Re or particle orientation on the 
drag coefficient in this test configuration due to the limited 
data available; however, the drag reduction with burning is 
apparent. 

Table 3 Drag coefficients for nonburning and burning cubes, disks and cylinders in 51 mm tube 

Cube size (mm) 

10 

10 

20 

20 

10 
10 
10 

10 
10 
10 
10 

Orientation 

Flat 
Wedge 
Point 
Flat 
Wedge 
Point 
Flat 
Wedge 
Point 
Flat 
Wedge 
Point 

End-on 
End-on 
End-on 

Normal 
Normal 
Normal 
Normal 

Re 

Cubes 

700 
700 
700 

1100 
1100 
1100 
1400 
1400 
1400 
2100 
2100 
2100 

Disk (l/d= I) 

670 
1000 
1300 

Cylinder (l/d = 2) — 

450 
670 
890 

1100 

Nonburning 
~D 

0.97 ±.03 
0.69 ±.02 
0.56 ±.02 
0.5: 
0.5C 
0.53 
1.4 
1.7 
1.6 
1.3 
1.6 
1.5 

3.4 
2.3 
1.3 

1.5 
0.9 
0.7 
0.8 

±.03 
±.02 
±.01 
±.08 
±.09 
±.04 
±.08 
±.09 
±.05 

±.11 
±.16 
±.11 

±.04 
±.05 
±.06 
±.04 

Burning 

0.26±.07 
0.33 ±.09 
0.34 ±.09 
0.23 ±.06 
0.39±.07 
0.19±.03 
0.91 =b .15 
1.0 ±.20 
0.88±.17 
0 .65±. l l 
0.72±.09 
0.56±.07 

1.9 ±.38 
1.3 ±.22 
0.85 ±.11 

1.5 ±.33 
1.3 ±.26 
1.3 ±.22 
0.91 ±.13 
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The results of the disk and cylinder tests are also shown in 
Table 3. For the disk a reduction in drag coefficient with 
ignition was again observed. However, for the cylinder with 
its axis perpendicular to the flow, the drag coefficient tended 
to increase slightly. 

IV Discussion 

The free-falling, nonburning wooden objects were within 
70 to 95 percent of their terminal velocity and were tumbling. 
There was generally no significant difference in results due to 
initial orientation of the object. The drag coefficients of the 
bluff objects were independent of distance fallen over the 
range of 2-4 m as indicated in Fig. 3. 

Rather than attempt to introduce shape factors for the 
nonspherical objects in order to generalize the data, we have 
used CDA in combination where A is the frontal area of the 
object associated with the maximum fixed orientation drag 
coefficient. In order to compute the drag on a tumbling, 
nonburning bluff object, the suggestion here is to calculate the 
drag on a fixed particle using the maximum drag coefficient, 
and then multiply by a tumbling correction factor (found in 
Table 2). If Re < 1000 the fixed CD for bluff bodies other 
than a disk is not available, since the flow may not be 
separated. However, it is reasonable to assume that the CD 

curve for a bluff body, such as a cube or plate, follows the 
curve of a disk, as given in Fig. 1, for low Re. 

The use of the suggested tumbling factor for computing the 
drag is not the same as computing the average drag force 
based on each of the fixed orientations through which the 
object passes. The latter approach yields a drag which is too 
low by a factor of 10 to 40 percent compared to the observed 
data. 

For burning, nonrotating objects there appear to be two 
factors which influence the drag. During devolatilization of 
the particle, mass flows from the particle into the boundary 
layer causing (i) movement of the flow separation point arid 
(ii) change in the effective aerodynamic form of the particle. 
Also, skin friction is reduced by the mass addition but skin 
friction drag is small compared to pressure drag for the 
objects discussed here and cannot explain the effect observed. 

For the cubes and disks the major influence appears to be 
change in the aerodynamic form of the particle. The ignited 
boundary layer causes the particle to behave more as an 
elipsoid. Elipsoids have drag coefficients nearly an order of 
magnitude less than cubes or disks, which supports the 
direction of change in drag coefficients observed after 
ignition. For the cylinders oriented with the axis per
pendicular to the flow, movement of the separation point 
seems to be the more dominant effect. As separation 
progresses towards the leading edge, the particle wake 
becomes larger increasing the drag coefficient as observed in 
the tests. 

In a furnace the fuel particles would in general be tumbling 
and burning. Although for bluff bodies the drag is reduced 

both due to the tumbling and burning, it is doubtful that the 
effects are multiplicative. During the preignition stage the 
drag can be modeled as a nonburning, tumbling particle, and 
after ignition the particle can be modeled as a nontumbling, 
burning particle because, as the particle gets lighter, the 
particle will tend to stabilize its orientation. 

V Conclusions 

The drag coefficient of bluff objects is decreased 
significantly due to tumbling and burning. For nonburning, 
tumbling objects the drag coefficient equals the maximum 
fixed orientation value times a tumbling factor which depends 
on particle shape. The tumbling factor averages 0.58 for 
plate-like objects, 0.70 for cube-like objects, and 0.65 for rod
like objects. For burning, nontumbling cubes and disks the 
drag coefficient is decreased by a factor of two compared to 
the same nonburning particles. Burning cylinders with the axis 
perpendicular to the flow exhibited a slight increase in drag 
coefficient. Drag reduction of burning, bluff objects is due to 
mass addition into the flow around the particle from the 
burning particle, which has a streamlining effect. For 
streamlined objects mass addition into the boundary layer 
accentuates flow separation and increases drag. 
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Boundary-Layer Development on a 
Circular Cylinder With Ribs 
An integral method for the calculation of the boundary layer development on a 
circular cylinder with external meridional ribs is presented. The calculation method, 
which takes into account the effect of the ribs on the laminar and turbulent 
boundary layers and on transition, gives results which are in qualitative agreement 
with experimental data. Analytical results obtained with this method shed some 
light on the influence of rib roughness on boundary-layer development and suppoi t 
earlier arguments and conclusions derived from experimental data on the effect of 
external ribs or stakes on the mean flow around rounded structures at large 
Reynolds numbers. 

I Introduction 

The effects of external roughness elements - either 
uniformly distributed random-shaped or regular elements, or 
geometrically regular configurations of ribs or strakes-on 
the mean pressure distributions on cooling towers and circular 
cylinders have been discussed in a number of recent 
publications [14, 1, 7, 15, 11, 6]. The present paper provides 
additional information on the effect of meridional ribs on the 
flow around circular cylinders at large Reynolds numbers. 
The work reported included boundary layer measurements 
and an analytical study in which an attempt was made to 
calculate the characteristics of the boundary layer over rib 
roughnesses using a simple integral method. A similar method 
was used by the authors [12] in an analytical model for high-
Reynolds-number flow past circular cylinders with distributed 
roughness. 

The calculation method and the major results of the ex
perimental study of boundary-layer development are 
presented herein. Comparison with experimental data shows 
that while quantitative agreement is not quite achieved by the 
present calculations, the method is at least qualitatively 
correct, and may be used to demonstrate the effects of rib 
roughnesses at high Reynolds numbers. Results obtained with 
this method shed some light on the influence of rib roughness 
on the development of the boundary layer at high Reynolds 
numbers and on the relative importance of certain roughness 
parameters, and support earlier arguments and conclusions 
[6] based on experimental data on ribbed rounded structures. 

II Calculation Method 

We consider the development of the boundary layer on a 
circular cylinder fitted with external meridional ribs. It is 
assumed that the cylinder is placed in a uniform stream of 
velocity U and relative turbulence intensity Tu-u'/U 

Contributed by the Fluids Engineering Division and presented at the Winter 
Annual Meeting, Washington, D.C., November 15-20, 1981, of THE AMERICAN 
SOCIETY OF MECHANICAL ENGINEERS. Manuscript received by the Fluids 
Engineering Division, May 25,1982. Paper No. 81-WA/FE-28. 

(«' =r.m.s. longitudinal turbulent velocity fluctuation), and 
that the mean flow past the cylinder is two dimensional. The 
meridional ribs are rectangular in section, of width b and 
height k, and are placed symmetrically about the forward 
meridian at an equal circumferencial (linear spacing s). The 
Reynolds number, Re=Ud/v, where d is the cylinder 
diameter and v is the kinematic viscosity of the fluid, is 
assumed to be sufficiently large so that boundary-layer 
transition is completed sufficiently upstream of the location 
of minimum pressure on the cylinder and that therefore the 
complexities associated with the so-called laminar separation-
turbulent reattachment "bubbles" observed on circular 
cylinders with relatively small roughness over the critical 
Reynolds number range (see, e.g., [2, 1, 6]) are not present. 
Furthermore, the relative rib height, k/d, is assumed to be 
sufficiently small so that the local velocity and pressure 
variations due to the ribs (see e.g., [14, 13]) are also small, at 
least over most of the cylinder surface, and the usual 
boundary-layer assumptions are applicable. 

It is obvious that in such an attempt to calculate the 
boundary layer development one should take into account the 
influence of rib roughness on the laminar- and turbulent 
boundary layers as well as on transition. While a substantial 
amount of information is available concerning turbulent 
boundary-layer flow over rib-type roughness, especially for 
small values of the spacing parameter s/k (see Dvorak [4]), no 
information seems to exist either about laminar boundary 
layer flows over rib roughnesses or about transition due to a 
train of rectangular ribs. Only recently Kiya and Arie [5] have 
reported an analytical study concerning the flow past single 
semi-circular and semi-elliptical, two-dimensional, elements 
attached to a wall and immersed deeply in a laminar boundary 
layer. In this study, Kiya and Arie have calculated, arrong 
other things, drag-coefficients of such elements over a 
Reynolds number (Ukk/v) range up to 100, Uk being the 
velocity of the approaching shear flow at the tip of the 
element. As may be inferred from this study, knowledge of 
laminar flows over rib-type roughness is very limited at the 
present time. The same observation is also true regarding 
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transition. The influence of circular wires on transition has 
been extensively studied (see, for example, Schlichting [16] or 
Tani [17]). A recent experimental study of the effect of 
symmetrically placed trip wires on the boundary layer around 
a circular cylinder has been reported by Groehn [9]. This 
study included data on transition and the separation regions 
behind the wires. However, a criterion for transition ap
plicable to single rectangular ribs or trains of rectangular 
elements does not seem to be available. Several as yet untested 
assumptions are therefore made in the present analysis in 
order to consider the laminar boundary layer and transition. 
One should point out that even an approximate analysis of the 
boundary-layer flow is of interest so as to identify the im
portant parameters and to demonstrate their relative effects. 
The results of this analysis may then be used to give 
qualitative, and perhaps quantitative, support to the ex
perimental observations and to make extrapolations to those 
cases where experiments are difficult to perform (such as ribs 
of small height for which Reynolds-number independent 
conditions are difficult to obtain in laboratory facilities). The 
present attempt should be viewed in this context. 

The boundary-layer development is calculated by in
tegrating the momentum-integral equation for a prescribed 
pressure distribution on the cylinder. The calculation 
procedure employed here is similar to the one used before by 
the authors [12] for distributed roughness, with the following 
differences: 

When the calculation is started at the stagnation point, the 
displacement thickness there is assumed to be equal to that 
which would obtain on a smooth surface (i.e., 
8l/d=0.324/ReVl). If k/8t is less than 0.1, the cylinder 
surface is assumed to be smooth and the laminar boundary 
layer is calculated using Thwaites' method, as has been done 
in [12]. In this case, equation (1) is not needed. 

2. The transition criterion is similar to the one used before 
in [12] for distributed roughness. That is, transition is 
assumed to take place abruptly when R6l exceeds a critical 
value, i ? 5 c r i , given by 

o. t 

^s,m = minimum of {Rs ,R, i-^ck 

where JR S , „ = 4 1 6 + 2 5 5 5 

(2) 

as before, but 
based on the 

exp(-103 Tu), 
R6lC/t = maximum of (416,826/(^/6,)) 
assumption that the critical Reynolds number for the rib 
roughnesses is the same as that for a cylindrical wire. Ac
cording to Gibbings (see reference [17]), transition takes place 
at the wire if Uek/v exceeds 826, k being the wire diameter in 
this case. 

3. Due to the uncertainty in Dvorak's [4] skin-friction 
formula for large values of s/k, the turbulent boundary-layer 
calculations are performed using both the Dvorak relation as 
well as a simple relation involving an apparent surface-
resistance coefficient CjR due to the drag of the ribs, 
developed in [10] on the basis of Good and Joubert's [8] data 
for the drag of an isolated fence in a turbulent boundary 

1. The boundary-resistance coefficent, CfL for the l a y e r - I n t h e l a t t e r c a s e t h e t o t a l resistance coefficient, CJJ 
laminar boundary layer is assumed to be given by 

CfL = 

~4/(3RSi) + [(.k/8)(2 - k/5)]2/(s/k) ;k/8< 1 

(1) 

_4/(3Rs.)+l/(s/k) :k/8>l 

where Rs is the displacement-thickness Reynolds number 
Ue8i /v\ Ue is the velocity at the edge of the boundary layer; 8\ 
is the displacement thickness; and 8 is the boundary-layer 
thickness. This relation is based on the assumption of a 
parabolic velocity profile and a drag coefficient of 1.0 for the 
ribs based on the tip velocity. (The parabolic velocity 
distribution is expressed as u/Ue = 2(y/8)-(y/8)2, where u is 
the velocity in the boundary layer and y is the normal distance 
from the cylinder surface.) The first term in equation (1) is 
due to the smooth surface between the ribs, and the second 
term represents the apparent boundary resistance arising from 
the drag of the ribs "distributed" over the area between 
adjacent ribs. 

for the turbulent boundary layer is assumed to he given by 

Cfr^Cjs + CfR (3) 

where Cjg is the smooth-wall value obtained by the Ludwieg-
Tillman formula, and CjR is given by 

CfR =0.91 +0.37 logmk/8)/(.s/k) (4) 

over the range 0.05 < A:/5<0.60. 
Dvorak's skin friction equation contains an additive term 

specifically to represent pressure gradient effects, as derived 
essentially by Arndt and Ippen [3]. The reader is referred to 
Ref. [4] for a discussion of relevant experimental data and 
applications to other turbulent-boundary-layer calculations. 

4. The smoothed "overall" pressure distributions are used 
in the calculations. This means that the local influence of the 
ribs on the pressure distribution is ignored. 

Il l Calculation Results and Comparison With Ex
periment 

The results of a series of calculations performed for two 

b 

CfL 

CJR 

Cfs 

CJT 

cP 

Cpb 

^pm 

d 

= rib width 
= drag coefficient 
= laminar boundary-

resistance coefficient 
= apparent boundary-resist 

ance coefficient due to ribs 
= smooth-wall boundary-re

sistance coefficient 
= turbulent boundary-resist

ance coefficient 
= pressure coefficient, 

(p - /> 0 ) / [ ( l /2 )p^] 
= base pressure coefficient 
= minimum pressure coef

ficient 
= cylinder diameter 

k 
I 

P 
Po 

Re 
Rk 

RSi 

R* 

rib height 
cylinder length 
pressure 
pressure in undisturbed 
stream 

= Reynolds number, Ud/v 
= Uk/v 
= displacement-thickness 

Reynolds number 

= critical value of R *, 
" ' c r i ' 

5 = rib spacing 
Tu = relative turbulence intensity 
U = velocity of uniform stream 

Ue = velocity at edge of bound
ary layer 

Uk . = approach velocity at tip of 
element 

u = r.m.s. longitudinal velocity 
fluctuation 

y = normal distance from 
cylinder surface 

5 = boundary-layer thickness 
8i = boundary-layer displace

ment thickness 
82 = boundary-layer momentum 

thickness 
8m = boundary-layer thickness at 

pressure minimum 
(j> = circumferential angle 

4>T = angular location of tran
sition 

v = kinematic viscosity of fluid 
p = mass density of fluid 
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Fig. 1 Pressure distribution and boundary layer development on the 
test cylinder RB = 05(Wd = 1.97 x 1 0 " 3 , s//t = 22.1). Re = 2.95 x 105, 
Tu = 0.2 percent. (Uncertainty in Cp = ±0.015; in Sld = ±0.001; in 
S2ld = ± 0.001; in H = ± 0.12; with at least 95 percent confidence) 

RB-05, Re =295000 If 
Experiment o A 

J&z^ If /' u / 0°// 
/f/r 

JrJ/ 
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Fig. 2 Pressure distribution and boundary-layer development on the 
test cylinder RB-10 (fc/d = 1.97 x 103, s/fc = 44.2). Re = 2.95 x 105; 
Tu = 0.2 percent. (Uncertainty in Cp = ±0.015; in Sid = ±0.001; in 
S2ld= ± 0.001; in H = ± 0.12; with at least 95 percent confidence) 

cases of cylinders with ribs are shown in Figs. 1 and 2 together 
with the experimental pressure distributions and the d/d, 
<52/d, and H developments, where b2 is the momentum 
thickness and H is the shape factor, H=b\/b2. The location 
of the ribs is also shown in the figures. Here, </> is the 
meridional angle measured from the forward stagnation point 
and Cp denotes the pressure coefficient, Cp =(p-p0)/VipU2, 
where p is the pressure on the cylinder surface, p0 is the static 
pressure of the undisturbed uniform stream and p is the fluid 
density. (Other symbols in the figures are defined in the next 
two paragraphs.) In the two cases presented here the relative 
rib height is 1.97 x 10 "3 and the cylinder Reynolds number is 
2.9 x 105. The spacing of the ribs is different in each case. 

The experiments were conducted in a closed circuit wind 
tunnel with a rectangular test section 60 inches wide and 32.9 
inches high, with free-stream turbulence intensity less than 
0.2%. The aluminum cylinder models were 10.65 inches in 
diameter and were fitted with 53 pressure taps at their mid
sections. Additional taps were provided at 4.0 inches and 8.0 
inches above and below the midsections to assess the degree of 
two-dimensionality of the flow. All taps were 0.040 inch in 
diameter. The pressures (including the reference static and 
dynamic pressures) were transmitted by means of plastic 
tubing to a Scanco Scanivalve and measured with a Statham 
differential pressure transducer. The mean pressure data were 
obtained automatically using an IBM data aquisition system, 
scanning in succession the Scanivalve terminals at prescribed 
time intervals. The pressure measuring system was calibrated 
statically before and after each run. For the boundary layer 

i.o 

0.8 

0.6 

0.4 

2.0 

1.5 

\ 
\ 

\ 
\ 

^s^t 

/ 0 
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l \ 
A > a ^ ^ 
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Fig. 3 Variation of C d and Cpb - C p m with Re for the test cylinders 
RB-05 (/f/d = 1.97 x 1 0 - 3 , s//r = 22.1) and RB-10 (Wd = 1.97 x 10~ 3 , 
s/* = 44.2). (Uncertainly in Cd = ±0.015, in Cpb-Cpm =0.015; with at 
least 95 percent confidence) 
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ulUe = ±0.02, with at least 95 percent confidence) 

measurements, flattened hypodermic needles (tip size after 
flattening 0.037 inch) were used, supported on a traversing 
mechanism which allowed adjustment of the normal distance 
from the cylinder to within 0.001 foot. The stagnation 
pressures were measured by means of an alcohol 
micromanometer with a resolution of 0.001 inch alcohol. The 
rib roughnesses were obtained by means of rectangular 
commercial flat wires. For some experiments, a gap was 
provided on the midsection to analyze the local rib effects on 
the mean pressures measured. Since the main purpose of this 
paper is to present the calculation technique, the reader is 
referred to [13] for a complete account of the experiments and 
to [7], [10] and [11] for additional discussions of the ex
perimental method. 

In order to give an idea about the flow regime of the present 
test cases, and about the measured boundary-layer velocity 
profiles, the curves of drag-coefficent, Cd, and pressure-rise, 
CPb ~ Cpm, versus Reynolds number corresponding to each 
test cylinder are presented in Fig. 3; the measured velocity 
profiles are given in Figs. 4 and 5. In Fig. 3, Cpb is the average 
pressure coefficient in the wake region and Cpm is the 
minimum pressure coefficient. In Figs. 4 and 5, L denotes the 
location of the velocity traverse plane relative to a rib (see 
sketch in Fig. 4). The experimental evaluation of the boun
dary layer thicknesses <52 and h\ in the case of cylinders with 
ribs is difficult due to errors in the velocity profiles close to 
the ribs, discussed in detail in [10, 13]. In order to obtain an 
estimate of these quantities in the present cases a power-law 
velocity distribution was assumed and the power-law ex
ponent was evaluated on the basis of the velocity distribution 
measured in the outer region away from the ribs: The ex
periments with the smallest rib height tested (k/d= 1.97 x 

10~3) have been chosen for comparison with theory since it is 
expected that the application of the usual boundary-layer 
concepts should gain an increased validity with decreasing rib 
height. 

Several tests of the present calculation method are 
displayed in Figs. 1 and 2. In the cases denoted by E-P, E-Dl, 
and E-D, the calculations were started with experimental 
values of H and 52 • In E-P the present simple skin-friction 
relation (equation (3)) was employed, while in E-Dl and E-D, 
Dvorak's skin-friction law with \ = s/k and \ = 0.5(s/k), 
respectively, was used. Here, X is the roughness-density 
parameter defined by Dvorak as the ratio of total surface area 
to that of the normal projection of the roughness elements on 
the surface. For rib roughness, this definition is equivalent to 
s/b. However, all the rib-type roughnesses considered by 
Dvorak were square rods so that X may also be taken as s/k. 
Actually, for large values of s/k and small values of b/k (say, 
less than 3) for which there is very little flow-pattern in
teraction between the ribs, the more significant parameter 
should be s/k and not b/k (see also reference [7]). In the cases 
considered here b/k =1.11, so that, according to Dvorak's 
original definition, \ = 0.585(s/k). In view of the foregoing 
arguments, however, it is more reasonable to use \ = s/k, if 
Dvorak's skin-friction law, derived on the basis of ex
periments with square rods only, is to be compared with the 
present experiments where the relative rib spacing is quite 
large. Furthermore, the general applicability of this skin-
friction law is doubtful for values of X greater than about 5. 
Therefore, two different values of X have been used in these 
calculations for comparison. It is seen from Figs. 1 and 2 that 
the case E-P shows good agreement with experiment. This 
may be considered as further support for the validity of 
equation (4) used earlier in reference [7] for discussion of 
experimental results on ribbed cylinders and cooling towers. It 
is also seen that the best overall agreement with experiment 
(including the H development) is given by the case E-D 
(\ = 0.5s/k) while case E-Dl (\ = s/k) underestimates the 
boundary-layer thicknesses. 

In cases S-P and S-D, shown in Figs. 1 and 2, the 
calculations were started at the stagnation point. In S-P the 
present resistance formula was used in the turbulent boun
dary-layer calculation while Dvorak's skin-friction law with 
X = 0.5 (s/k) was used in S-D. It is seen that, in general, the 
developments of 5 and 52 are at least qualitatively reproduced 
in either case. The quantitative agreement with experiment 
may be considered reasonable in the case of S-P for the 8 
development shown in Fig. 2. While none of these 
calculations can adequately reproduce all the important 
characteristics of the boundary layer at the same time, it is 
seen that the best overall agreement with experiment (in
cluding the H development) is obtained in the case S-D. It may 
also be observed that the prediction of transition appears to 
be reasonable. Indirect support for this observation may be 
found in the pressure distribution shown in Fig. 2 for the test 
cylinder RB-10. It will be seen that the local pressure 
variations shown by the data for the pressure taps at 4> = 25, 
30, 35, 40 deg are not observed beyond 0 = 45 deg. This is 
apparently due to a decrease in the length of the separation 
pocket behind a rib as the boundary layer becomes turbulent 
beyond $ = 40 or 45 deg which is close to the location of 
transition shown in the same Fig. 2. 

The good qualitative agreement observed between 
calculations and experiment for the 8 and 52 developments 
and for transition in the foregoing cases suggests that the 
present calculation procedure may be used to demonstrate 
analytically the influence of the important roughness 
parameters k/d and s/k on the development of the boundary 
layer. This is done in the next section. In view of the better 
agreement with experiment shown by the cases of E-D and S-
D, and also because the present simple resistance formula 
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cannot be used for £/5<0.05 (see equation (4)), Dvorak's 
friction law is used with 5 = 0.5 (s/k) in the calculations in the 
next section. 

IV Effect of Rib Roughness on Boundary-Layer 
Development 

In the calculations of this section, the pressure distribution 
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Fig. 8 Variation of i>mld with kid and slk in the range of Reynolds-
number independence. The numbers in parantheses are the total 
number of ribs corresponding to each case. 

shown in Fig. 2 for the test cylinder RB-10 has been used 
throughout and the freestream turbulence intensity has been 
assigned a value of Tu = 0.5 percent. This distribution is in the 
range of Reynolds number independence for the k/d and s/k 
values indicated in the figure. The more important results of 
these calculations are summarized in Figs. 6, 7, and 8. 

Figure 6 shows the variation of the boundary-layer 
thickness, <5,„, at the location of the pressure minimum with 
Re, k/d and s/k over a range of large Reynolds numbers, for 
k/d values in the range 10 ~5 - 10~3 and s/k values in the 
range 15 — 60. The similarity of the curves shown in Fig. 6 
with those of earlier curves [7, 11] depicting the experimental 
variation of characteristic pressure-distribution parameters 
with Reynolds number and surface roughness may be taken as 
additional evidence of the relationship between the boundary-
layer development and the pressure distribution. It is also seen 
that a Reynolds-number independent condition is obtained as 
the Reynolds number is increased, consistent with the 
previous experimental observations, and that the boundary-
layer thickness is larger for larger roughnesses and smaller 
spacings. A definite influence of both k/d and s/k on the 
boundary-layer development is seen. The changes with s/k are 
relatively larger for the largest roughness and become small as 
both the Reynolds number and the relative rib height are 
decreased. In particular, practically no influence of s/k is seen 
at Re= 107 with k/d= 10"5. For this small relative rib height 
the relative rib spacing appears to affect only slightly the 
boundary-layer development as the Reynolds number is in
creased. The effects of s/k and k/d in the range of Reynolds-
number independence are discussed further later on. 

Figure 7 shows the variation of the angular location of 
transition, </>r, with Re and with the roughness parameters 
k/d and s/k. Here we observe that transition is generally 
insensitive to the value of s/k, as one would expect in view of 
the transition criterion (2) assumed. As indicated in the figure, 
it is governed by the rib height for k/d =10~3, and by the 
freestream turbulence for k/d=\0~5 at large Re. The 
variations in 4>T with s/k exhibited for k/d= 10 ~4 at Re = 5 x 
106 arise from the influence of roughness on the early laminar 
boundary-layer development. The results shown in Figs. 6 and 
7, when examined together, indicate that if transition occurs 
sufficiently upstream the characteristics of the boundary layer 
at </>,„, for a given k/d and s/k, are very similar independent 
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of Reynolds number, as has been also observed with 
distributed roughness [11, 12]. When Reynolds-number in
dependence has been achieved, the transition is seen to take 
place prior to 4> = 20 - 30 deg. 

It is of particular interest to examine the influence of k/d 
and s/k on the boundary-layer development in the range of 
Reynolds-number independence, especially for relatively 
small rib heights, since it is difficult to obtain Reynolds-
number independent conditions with these roughnesses in 
experiments in most presently available wind tunnels. Fur
thermore, the construction of the actual physical models is 
also difficult due to the very small roughness. The calculated 
variation of 8m/d with k/d and s/k in the range of Reynolds-
number independence is shown in Fig. 8. Also included in this 
figure are the results obtained for distributed roughness [12] 
at large Reynolds numbers. (These are indicated by short lines 
centered at s/k = 6.35, since X= 3.175 for distributed 
roughness if the equivalent Nikuradse roughness ks is used 
instead of k (see Dvorak [4]), and we have used X = 0.5 s/k for 
the calculation with ribs). 

Several important conclusions may be drawn from Fig. 8. 
One of these is that a cylinder with k/d= 10~5 behaves 
practically (in the Reynolds-number-independent range) as if 
the surface were smooth even though the calculations indicate 
that the ribs pierce the viscous sublayer for all the values of 
s/k shown in the figure. The boundary-layer flow is fully 
rough in all these cases. Under these conditions, the increase 
in the boundary resistance over that of a smooth surface is 
very small for these small ribs, and consequently very small 
changes are seen with s/k (with the number of ribs). As k/d is 
increased, the boundary-layer thickness also increases. At the 
same time the influence of s/k becomes larger. Although it is 
not possible in the present cases to assess the quantitative 
influence of the changes in bm/d (depicted in Fig. 8) on the 
pressure distributions, the qualitative similarity of these 
changes with those shown by the pressure-distribution 
parameters, and the relationship between pressure 
distribution and boundary layer characteristics demonstrated 
by earlier investigations, imply that the results shown in Fig. 8 
may also be used to derive conclusions, qualitatively valid at 
least, as to the effects of s/k and k/d on the mean pressures. 
Thus, it may be suggested that the pressure distributions 
obtained with rib roughness will be similar to those with 
distributed roughness for similar relative roughness heights of 
the order of k/d= 10"5 and 10 ~4, provided s/k is in the range 
shown in the figure. Therefore, ribs of such small height 
(k/d~10~4) cannot be expected to cause significant reduc
tions in the magnitude of cooling tower minimum pressure 
coefficients I Cpm I, even if a very large number of ribs is 
employed. This result has been used already in the discussion 
of experimental data regarding the influence of rib 
roughnesses on the mean pressure distributions on cooling 
towers [7]. 

Conclusions 

Main conclusions of the present study are summarized 
below. 

1. Comparisons with experimental data show that the 
present calculations of boundary-layer development on a 
circular cylinder with external ribs are at least qualitatively 
correct and may be used to demonstrate the effects of rib 
roughnesses at high Reynolds number. The study indicates 

also that present knowledge of laminar and turbulent 
boundary-layer flows and transition over rectangular rib 
trains is rather limited. 

2. The present analytical results support earlier conclusions 
derived from experimental data about the effects of rib 
roughness at large Reynolds numbers, in particular the 
reduction in the pressure rise to separation with increasing 
relative roughness height, k/d, or decreasing relative rib 
spacing, s/k, over a range of values of these parameters. The 
significant effects of both parameters s/k and k/d are 
demonstrated by the calculations. 

3. A cylinder with k/d= 10 ~5 behaves practically as if the 
surface were smooth and ribs of small height (k/d<10~4) 
cannot be expected to cause significant reductions in the value 
of the pressure rise Cpb - Cpm even if a very large number of 
ribs is employed. 
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LDV Measurements Near a Vortex 
Shedding Strut Mounted in a Pipe 
The velocity field around vortex shedding strut mounted in a circular pipe has been 
in detail with a laser Doppler velocimeter {LDV) at a pipe Reynolds number equal 
to 90,000. The instantaneous velocity is decomposed into mean, periodic, and 
random components. Only the first two harmonics are large enough to be detected; 
the large-scale structure can be characterized by just these two these and the mean. 
Profiles of the different velocity terms are given upstream of, downstream of, and 
close to the strut. The two-dimensional velocity vector field of the mean flow on the 
transverse diametral plane of symmetry is presented along with its streamlines. 
Finally, for each spatial component, profiles of vortex visibility, the ratio of the 
energy of a periodic component to the total fluctuating energy in a narrow 
frequency band, are given. 

Introduction 

A cylindrical obstacle placed in a flowing fluid produces a 
regularly oscillating wake at a frequency roughly propor
tional to the fluid velocity. The majority of the available data 
concerning this vortex shedding phenomenon is for an ob
stacle either in unbounded flow or in a flow confined by 
parallel channel walls [1, 2, 3]. Also, most data are limited to 
global results such as the shedding frequency, the associated 
drag or lift forces, the flow-induced resonant-structure 
vibration, or the spacing of the vortex street. Little quan
titative data describing the detailed velocity fields are 
available, especially when the vortex shedding is bounded by a 
circular cross-section conduit. 

Velocity measurements in the literature include those by 
Kovaszny [1] who studied the velocity field in free wake flow 
behind a circular cylinder. Durgin and Karlson [2] studied 
vortex street breakdown phenomenon in the wake of a small 
shedding cylinder placed in front and perpendicular to a 
larger circular cylinder. Both measurements were made at low 
Reynolds number in unbounded flows. Baker, et al. [3] 
measured the mean velocity profile at large Reynolds num
bers. Recently, Perry and Watmuff [4] used a phase-average 
technique to eliminate small-scale structures and turbulence 
and the effects of "vortex jitter" from hot-wire signals, they 
successfully drew the large-scale vortex structures in a three-
dimensional turbulent wake. 

Vortex shedding from a cylinder is largely a two-
dimensional phenomenon. However, the boundary conditions 
for a circular pipe and the turbulence in the flow are both 
three-dimensional and hence may be expected to modify the 
two-dimensional properties of shedding. Measurements with 
the circular boundary condition are of particular interest for 
developing the understanding necessary for improving the 
design of vortex-shedding flow meters. This geometry 
precludes hope of exact analytical calculations for com-
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parisons with experiment. Hence there is no advantage in 
using a strut with a cross section that can be described by an 
analytic formula. On the other hand, a strut having a bluff 
forward face with sharp edges precisely defines the lines of 
separation of the flow. Furthermore, a strut with a down
stream-facing splitter plate gives a relatively constant 
Strouhal number over a broad range of Reynolds number [5]. 
Also, the splitter plate is a convenient place to install a dif
ferential pressure transducer, which could be useful for future 
meausurements. For these reasons, the T-shaped strut of Fig. 
1, mounted in a circular pipe, was used to generate the vor
tices studied in this paper. 

Measurements of the velocity field upstream, at the side of, 
and downstream of the strut are reported for a pipe Reynolds 
number equal to 90,000. Profiles of the visibility of the 
oscillations in the flow are also given. This measure of the 
ease of detecting the oscillations may also be useful for im
proving the design of vortex shedding flowmeters. 

Definitions 

For high Reynolds number flow, the total instantaneous 
velocity around an obstacle is an extremely complicated 
function of both time and space. However, one obvious 
characteristic is the almost periodicity of the wake. This 
suggests decomposing the flow field into a sum of mean, 
periodic, and random velocity components [1]. The axial or x 
component of the velocity is 

U(t) = (7+V2 £ un cos(27r/„r + <£„) + « ' (t), 

where t is the time. The transverse or y component of the 
velocity is 

V(t) = K+V2 £ v„ cos(2irf„t + fn) +v' (t). 
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The decomposition of the z component of velocity is not given 
because velocity measurements in that direction were not 
performed. Here U and V are the mean velocities, u„ and t>„ 
are the rms amplitudes of the velocity components occuring at 
the nth harmonic/,, of the frequency/, of the shedding from 
one side, $„ and i/<„ are the corresponding phases, and u' amd 
v' are the remaining turbulence velocities which are random. 
All velocities and the phases are understood to be functions of 
position (x,y,z). Other definitions are: the turbulence in
tensities u, = < (it')2 >1/2 a nd v, = <(v')2>'/2, and the 
total velocity fluctuations uT = (Zu2

n + u2)xn and vT = 
(Lv2+v2

n)
i/2. 

Also the pipe Reynolds number is Re = UbD/v, where Ub 
= Q/A is the bulk of area-averaged velocity, D is the pipe 
diameter, v is the kinematic viscosity, A = xD2/4 is the pipe 
cross-sectional area, and Q is the total volume of bulk flow 
rate. 

At low Reynolds numbers, the velocity field is very periodic 
in time and in space. However, at high Reynolds numbers, the 
vortex formation is not perfectly regular, so that the am
plitudes and especially the phases are randomly modulated in 
both time and space. Furthermore, there is always some 
small-scale random turbulent velocity superposed on the 
large-scale velocity field. To handle this, the velocity power 
spectrum was used to obtain the amplitude of the time-
dependent velocity components. These also were measured 
everywhere in the vicinity of the vortex shedding strut. 

Apparatus and Technique 
The flow system used consists of a recirculating water flow 

loop with a centrifugal pump driven by a 2,200 W (3 hp) 
motor, which is capable of delivering water flow of 3.2 x 
10~3 rnVs (50 GPM) at a 340 kPa (50 psi) pressure head. A 
heat exchanger was used to maintain the water temperature at 
21.1 ±0.3 °C (70 ± 0.5°C), and a ditigal thermometer 
mounted just downstream of the test section was used to 
record the water temperature. 

Measurements were made at a bulk flow near the maximum 
capacity of the flow loop. Although the bulk flow rate was 
kept constant during each test, it was not possible to ensure 
exactly the same flow rate on different days. To correct for 
this, an electromagnetic flowmeter was mounted in-line and 
downstream of the test section, calibrated by a static weigh 
technique, and used to normalize the velocity measurements 
in terms of the bulk flow velocity. 

To insure a fully developed incoming pipe flow, a straight 
pipe about 118 diameters long was installed upstream of the 
test section with a cross-shaped swirl-removing flow 
straightener at the pipe entrance and another one 12 diameters 
downstream of the entrance. 

The test section used is shown in Fig. 1 along with the 
vortex shedding strut. This test section allows easy installation 
of the strut and has glass sides for the laser beams to enter and 
the scattered light to exit. The strut is installed inside a thin-
walled (3 mm) glass tube having a 52.1 mm (2.067 in.) inside 
diameter, which is equal to the inside diameter of the stainless 
steel pipe upstream. The tube and strut assembly is housed 
within a stainless steel box of square cross-section with op
posite sides made of 19 mm thick glass, which is thick enough 
to contain the water pressure. To reduce the effects from the 
different indices of refraction of the media on either side of 
the curved tube walls, small slits at the upstream end of the 
glass tube are provided so that the region between the tube 
and the box fills with the loop water. The downstream end of 
the glass tube is mounted with a gasket so that flow leakage 
through the surrounding region is minimized. The useful 
length of the test section is 60 cm (24 in.). 

The instantaneous point velocity measurements were made 
with a laser-Doppler velocimeter (LDV). The LDV consists of 
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Fig. 1 Test section and test strut. Dimensions are in millimeters. 

a 2-watt argon-ion laser and TSI Inc.' optics and frequency-
tracking signal processors. It is equipped with Bragg-cell 
frequency shifters and so is capable of measuring very low 
velocites with flow reversals, including the transverse velocity 
component, which had a mean equal to zero at the center of 
the pipe. The 514.5 nm (green) beam from the laser was used 
at a total (multicolor) power of 250 mW, and lenses with a 250 
mm focal length were used in the dual-beam forward-scatter 
mode, which gives a measuring volume of about 1.5 mm x 
0.15 mm. At the highest velocity measured, the LDV tracker 
validated at least 120,000 particles per second in unseeded tap 
water that was filtered with a 10 micron filter. 

The laser is mounted on a granite slab, and the remaining 
optical components are mounted on a three-dimensional 
dovetail-slide traversing mechanism mounted on the slab. 
This allows continuous movement of the measuring volume 
along each of the three perpendicular coordinate axes with a 
resolution of 5 /*m. Positioning of the measuring volume at 
any point in the test section is accomplished by three com
puter-controlled stepping motors, which move the dovetail 
slides. The light beam is directed from the stationary source to 
the movable LDV optics by a mirror system that maitains the 
beam path parallel to the dovetail slides. 

Before the LDV could be used correctly, the position of the 
measuring volume inside the pipe and the spacing of the 
fringes had to be determined. The bending of light beams, due 
to differences in the indices of refraction of the water and the 
curved glass, changes both the position of the beam crossing 
point and the angle between the beams, and hence the fringe 
spacing. These effects were studied both experimentally and 
theoretically using Snell's law. Although the equations are 
nonlinear in form, the final result was an approximately 
linear relation for predicting the position of the measuring 
point inside the round glass tube. This relation is the same as 
the well known one that would apply if the glass were not 
curved. Also the theory predicted that the fringe spacing 
would be approximately constant for both longitudinal and 
transverse velocities. Both approximations were fairly good 
for most of the pipe cross section, except near the uppermost 
and lowermost parts of the cross section, where the laser 
beams were far from perpendicular to the pipe walls. 

The theoretical predictions were checked experimentally 
with a calibration device, which used a No. 28 (0.35 mm 
diameter) Chromel C wire inside the water filled pipe. The 
wire travelled longitudinally at a constant velocity parallel to 
the pipe axis. A photo detector, which measured the time 
required for a point on the wire to travel a known distance, 
was used to determine the wire speed. The calibration wire 

Manufacturer's names and model numbers are cited only to give a complete 
description of the instruments used. Their use is not to be construed as an 
endorsement or recommendation. 
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Position,y/D 

Fig. 2 Mean axial velocity profiles UIUb. Note that the top three 
curves have a different scale than the others. The data presented for y 
< 0 were obtained from data measured for y > 0. (Uncertainty in x/D = 
+ .02, in y/D = ± .01 and in UIUb = ± .01 UIUb for \UIUb I > /and ± 
.01 for \UIUb I < 1) 

could be moved to any position in the pipe cross section by 
two stepping motors interfaced to the same computer that 
operates the LDV system. The calibration system confirmed 
the predictions of the approximate theory to the expected 
uncertainty. Throughout most of the pipe, the nonlinearity of 
the position was smaller than the length of the measuring 
volume and the variation in the fringe spacing for the 
longitudinal velocity was less than 0.5 percent. 

Another effect is due to the nonuniformity of the fringe 
spacing that occurs in a dual bean LDV when the beam waist 
does not coincide with the beam-crossing point, as mentioned 
by Hanson [6]. When the fringe spacing is not uniform across 
the measuring volume, the Doppler frequency will be 
broadened giving rise to an apparent velocity fluctuation 
which is not real. The effect can be reduced by using a 
collimator to make the beam waist occur at the beam crossing 
point. However, the adjustment cannot be done perfectly for 
all positions of the measuring volume when the latter is 
traversed while the laser remains stationary. This is true 
because the waist is located at a fixed optical path distance 
from the laser while the cross point is located at a fixed 
distance from the focusing lens, which is traversed. Never
theless, a traveling distance of plus or minus 15 cm results in a 
fringe variation of less than plus or minus 0.5 percent 
provided the waist coincides with the crossing point at the 
center of the test section. This gives a sufficiently uniform 
fringe spacing for the entire test region. 

A computer-controlled digital voltmeter measures the mean 
voltage from the tracker while a digital signal processor (DSP) 
analyzes the unsteady fluctuations. The DSP digitizes and 
computes the power spectral density of a block of 1024 12-bit 
measurements. Twenty-five of these spectra are averaged for 
each spatial point. 

Results and Discussion 

The nominal bulk flow veloctiy was Ub = 175 cm/s, which 
corresponds to a pipe Reynolds number of 90,000, a fund
amental frequency / , of 26 Hz, and a Strouhal number 
fxDIUb of 0.744. Unless specified, velocities and lengths are 
normalized by the area averaged or bulk mean velocity Ub 

and the pipe diameter D, respectively. All data except where 
specifically stated are from locations on the diametral 
symmetry plane {z = 0) that is perpendicular to the span of 
the strut (see Fig. 1). Profiles of the longitudinal and trans
verse, mean and periodic velocities were measured at axial 
locations x/D = - 0 . 7 1 , - 0 . 3 3 , - 0 . 1 3 , 0.25, 0.44, 0.63, 
0.83, 1.21, 1.59, 3.13, and 6.20 with data taken at 1 mm 
increments along the tube diameter (y axis). In view of the 
symmetry or antisymmetry of the velocities about y - 0, 
which was verified, most of the data were collected on only 
half the diameter with y > 0. The symmetry or antisymmetry 
was used to extend the graphs to y < 0 so they will be more 
easily understood. 

Mean Velocity Components. The mean velocities, U and V 
were measured by connecting the LDV signals from the 
tracker directly to a ditigal voltmeter. The computer averaged 
1500 of these voltage measurements, which required a total 
time of about two minutes, for each spatial point. 

The distributions of the normalized mean axial and 
transverse velocity components are shown in Figs. 2 and 3, 
respectively. The values of V for three profiles (at x/D = -
.71, 3.13, and 6.20) all have magnitudes.smaller than 0.04 Ub 

and hence are not shown in Fig. 3 in order to keep the figure 
clear. 

As the flow approaches the upstream face of the strut, the 
mean longitudinal velocity U, as expected, decreases at the 
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center (y = 0) and increases along each side. The mean positive maximum in the region of positive y. This indicates 
transverse velocity profile V is antisymmetric about y = 0 that the flow divides into two equal streams, one on either side 
with a zero value on the walls at y/D = ±0.5 and has a of the strut. The magnitude of Kgets larger and the division 
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Fig. 5 Profiles of UIUb along the span of the strut at x/D = 0.63. The 
data presented for z < 0 were obtained from data measured for z > 0. 
(Uncertainty in x/D = ± .02, in yID = ± .02, ]n zlD = ± .02, and in OlUb 

= ± .01 01 Ub for UIUb > 1 and ± .01 for I0/U6 I > 1). 

becomes more apparent as the flow approaches the upstream 
face of the strut. 

As the flow passes the front surface and moves along the 
side of the strut, there is a shear layer where a large transverse 
gradient of U occurs. This layer separates two flow regions, 
the outer flow region, \y\/D 2: 0.2, which has high speed 
flow, and the inner wake region, \y\ID < 0.2, which has low 
speed and even reverse flow. On either side of the splitter plate 
(i.e., for 0.25<x/Z)<0.44) in the outer region, U/Ub 

maintains a value of about 2, independent of x and roughly 
independent of y. In this region, as expected, the rate of 
divergence of the outer flow away from the strut decreases, 
and as x increases the outer flow then converges back toward 
the strut. In the range 0.25 < x/D < 0.35, the profile of 
VI Ub near the shear layer has two maxima for positive y and 
two for negative y. And, as expected from the incompressible 
condition, t\\tU/Ub curves for x/D = 0.25 and 0.44 intersect 
near local maxima or minima of the V/Ub curves. In general 
3 V/dy > 0 where dU/dx < 0 and vice versa as expected since 
dW/dx vanishes everywhere at the z = 0 plane where the 
measurements were made. The intersections occur where all 
three derivatives are zero. 

The shear layer grows in width and slowly moves outward 
as it travels downstream. Downstream of the strut for x/D > 
0.5, the mean velocity U increases in the inner wake region 
and decreases in the outer flow region. Immediately down
stream of the strut at x/D = 0.63, the mean velocity U is still 
negative near the center region. Also, in the region V reaches 
its maximum converging magnitude, and the convergence 
decreases as x increases downstream. For x/D > 0.83, the 
mean velocity U is positive everyhere, the transverse gradient 
of U becomes smaller, and the shear layer is no longer very 
visible. At the largest values of x/D, the mean velocity 
profiles begin to return to their upstream fully-developed 
condition. 

To check the symmetry, measurements for both positive 

and negative y were made. A typical comparison of the mean 
velocity at x/D = 0.63 for both positive and negative y is 
shown in Fig. 4. This shows that £?is indeed quite symmetric 
and V is quite antisymmetric. Data obtained at other axial 
locations show similar results. 

Profiles along the z-direction were also measured to in
vestigate the homogeneity of the flow field along the span of 
the shedding strut. Figure 5 shows the profiles of U/Ub along 
z for x/D = 0.63 at y/D = 0, 0.19, and 0.29. The data in
dicate that the flow field is approximately two-dimensional 
and uniform along the z-axis and that the effects of the cir
cular boundary condition may be neglected in a first ap
proximation. Similar results were obtained at x/D = 0.44 and 
0.25 for the same three values of y/D. 

Figure 6 shows the profiles of U and V at the two extreme 
locations, one far upstream at x/D = - 0 . 7 1 , and one far 
downstream at x/D = 6.20. For comparison, the velocity was 
normalized by the center line velocity U0, and an 1/8 power 
law profile was also included. At x/D = - 0 . 7 1 , the velocity 
profile of U/U0 was approximately fully developed, having a 
1/8 power law. On the other hand, at the farthest downstream 
location (x/D = 6.20), the longitudinal velocity profile t /has 
not yet returned to the fully developed shape. However, at 
both positions, Fappears negligibly small. 

The mean-velocity vector field is easily generated using the 
velocities (/and Vshown in Figs. 2 and 3. The result is shown 
in Fig. 7, which clearly shows the flow division and the flow 
reversal. On careful examination, vortices in the mean 
velocity field can be seen on either side of the splitter plate. 
These mean vortices are an artifact of the averaging; there are 
no steady vortices in the full time-dependent velocity field. 

Since the mean flow field is approximately two-dimensional 
and uniform along the span of the strut, a stream function can 
be defined. The two-dimensionality is a particularly good 
approximation at the plane of symmetry z = 0, where the 
measurements were made. The stream function ip(x,y) for this 
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Fig. 7 Mean velocity vectors. The time averaging makes the field 
symmetric. (Uncertainty in x/D = ± .02, in yID = ± .01, in 11/1 = ± .01 
It/1 for IUI > 1 and ± .01 for \U\ < 1, where ll/l = mean velocity 
magnitude/Ub. The arrows indicate ll/ l = 1) 
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Fig. 8 Mean flow streamlines. The time averaging makes them 
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.01 and the curves drawn freehand) 
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incompressible flow is defined to satisfy U = d^/dy and V — 
— d\f//dx. By using the incompressibility condition, one can 
easily see that 

^(x,y) -i: U(x,y')dy'. 

satisfies both of the previous equations. The mean streamlines 
of Fig. 8 are constructed with this formula. At each value of x 
for which data is available, the integral is computed for y = 
D/2 and divided by 31 to get Ai/< = \fr(x, £>/2)/31. Then the 
value of y is found for which the integral equals nA\p for n = 
1 to 30. For a given n, each such point for a given x is con
nected to the corresponding point for the next * by a smooth 
curve drawn freehand. This is not possible for the groups of 
six points on each side of the splitter plate, they do not 
connect to points upstream or downstream of the strut. The 
streamline that runs from upstream, then below the strut 
almost touching it, and finally continues downstream has n = 
15, and the opposite streamline above the strut has n = 16. 
On the other hand the six points immediately below the strut 
have n = 16, and the six above have n = 15. Thus the group 
of six points below the splitter plate must form one closed 
streamline, and the six above, another. With a finer resolution 
than 1/31, more concentric, close streamlines are found on 
either side of the splitter plate, with reverse flow extending 
down to about x/D = . 0.8. These are the mean vortices 
mentioned previously. 

The streamlines clearly show the flow pattern around the 
shedding strut as discussed before. However, it now appears 
as if the mean vortices act like additional obstacles or 
blockages to the flow that push the incoming outer flows 
away from the strut. 

Time-Dependent Velocity Components. At the same time 

the steady velocity components were measured, the time-
dependent velocity components were obtained. The analog 
signal from the tracker was connected to the digital signal 
processor, which computed the power spectral density (psd) of 
the velocity. A maximum frequency of 100 Hz was selected 
for most of the analysis. This corresponds to a frequency 
resolution or bin size of 0.25 Hz, a sampling frequency of 256 
Hz, a sampling time interval of 3.91 ms, and a real time 
window of 4 seconds. Twenty-five of these individual spectra 
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Fig. 9 Typical power spectral density of the fluctuating transverse 
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were averaged to obtain the power spectral density. From time 
to time during the test, different maxima frequencies were 
also used for examining the velocity spectral contents, but the 
100 Hz range was found to reveal the most information of 
interest. 

Figure 9 was the power spectral density of the transverse 
velocity component at three locations. As expected, the 
spectra clearly exhibit amplitude peaks around the fund
amental frequency (27 Hz) and its harmonics. The non-zero 
width of these peaks indicates that the velocity signals are not 
perfectly periodic. This is the "vortex wandering" or phase 
jitter that occurs at high Reynolds number flow, as discussed 
by Baker, et al. [3], and by Perry and Watmuff [4]. 

The energies contained in the different periodic velocity 
components at each measuring position are obtained from the 
power spectal density. The area under the peak at a given 
frequency gives the amplitude at that frequency once the 
random signal is subtracted out. The number of frequency 
bins used for computing the area is 21, which corresponds to a 
5.25 Hz total bandwidth. In general the periodic components 
of both U and V consist predominantly of the first two 
harmonic terms. Usually, no higher harmonic was detected, 
with the exception of a very small third harmonic velocity at a 
few places. The uppermost curve in Fig. 9 is a worst case in 
which the third harmonic is as large as it ever gets. In all cases 
the third and higher harmonics had less than one percent of 
the energy of the lower harmonics. The first two harmonics 
are apparently sufficient to characterize vortex shedding flow, 
and the second harmonic is usually much smaller than the 
fundamental. 

The total kinetic energy was determined from the total area 
under the entire spectrum up to 100 Hz, and the random 
turbulent energy was obtained by subtracting the sum of the 
energy of the two periodic velocity terms from the total 

energy. The root mean square value determined from the 
energy contained in each velocity component v/as interpreted 
as the amplitude of that velocity term. 

For comparison, the profiles of the magnitudes of the time-
dependent velocity components uu u2, «,, and uT, all nor
malized by the bulk mean velocity Ub, are shown in Fig. 10 at 
x/D = 0.63 just downstream of the strut. Here uuu,, and uT 

show maxima at the shear layer regions and a minimum at the 
center (y = 0), while the second harmonic u2 shows a 
maximum at the center and minima in the shear layers. 

The turbulence intensity profiles u, and v, at the two ex
treme axial locations with x/D = -0 .71 and 6.20 are shown 
in Fig. 11. The turbulence intensities obtained by Laufer [7] in 
fully developed pipe flow are also presented for comparison. 
The velocities are normalized by the center mean velocity U0. 
At x/D = -0.71 upstream of the strut, u,/U0 is fairly close 
to, and v,/U0 is somewhat lower than Lauafer's. At x/D = 
6.20, both u,/U0 and vt/U0 are much larger than upstream. 
Like the mean velocity profiles shown in Fig. 6, the turbulence 
intensities indicate again that the upstream flow is fully 
developed, and the downstream flow is still in a state of highly 
turbulent mixing and not yet returned to the upstream con
dition, even a t*/ /? = 6.20. 

The velocity distributions of the total fluctuations uT and 
vT, the fundamental components ux and vx, the second 
harmomics u2 and v2, and the turbulence intensities u, and v,, 
all normalized by the mean bulk velocity Ub, are given on 
Figs. 12, 13, 14, and 15, respectively. In each figure, (a) is the 
axial component, and (b) is the transverse component. A 
discussion of the unsteady velocity components is given 
below. 

At x/D = - 0 . 7 1 , the influence of the obstacle is minimal, 
with turbulence intensity profiles close to yalues typical of a 
fully-developed turbulent pipe flow, and very little periodic 
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Fig. 13 Normalized fundamental-frequency velocity-component 
magnitude profiles. The data presented for y < 0 were obtained from 
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velocity is seen. As the flow approaches the upstream face of 
the strut (i.e., at x/D = 0.33 and 0.13), the fundamental 
velocity components become more visible although they are 
still small in magnitude. The second harmonics are negligibly 
small upstream of the strut. 

As expected, just downstream of the front face of the strut, 
large periodic and turbulence terms are observed. At x/D = 
0.25 and 0.44, all these unsteady terms take on large values in 
a narrow transverse region apparently close to the shear layer 
where a large mean velocity gradient exists and large tur
bulence is created. In this region, the magnitudes and 

gradients of the axial components are significantly larger than 
those of the transverse components. All unsteady axial 
components exhibit both a maximum and minimum on each 
side of the strut, while the unsteady transverse components 
show only one local maximum there. At x/D = 0.63 just 
downstream of the strut, all terms are similar to those at the 
previous station except the shear layer diffuses, the velocity 
gradient decreases, and the two wakes, one from each side of 
the strut, begin to merge. The axial components ux, u, and uT 
show a minimum at the center of the pipe, while the transverse 
terms vu v, and vT exhibit a maximum there. On the other 
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Fig. 14 Normalized second-harmonic velocity-component magnitude 
profiles. The data presented for y < 0 were obtained from data 
measured for y > 0. The bar indicates a change of .2 in u2IUb or v2IUb. 
(Uncertainty in xlD = ± .02, in yID - ± .01, and in u2IUb = ± .02 
u2HJb foru2IUb > .1 and± .002 for u2IUb < . 1 . Same uncertainty for 

Fig. 15 Normalized turbulence-velocity component profiles. The data 
presented for y < 0 were obtained from data measured for y > 0. The 
bar indicates a change of .4 in utIUb or v(IUb. (Uncertainty in x/D = ± 
.02, in yID = ± .01, and in utIUb = ± .02 utIUb for utIUb > .1 and ± 
.002foru t / l /b < .1 . Same uncertainty for vtIUb) 

hand, the axial component u2 has a large value and the 
transverse v2 shows a mimimum close to the center of the 
pipe. 

The longitudinal velocity profiles downstream of the strut 
can be interpreted as follows. At the center of the pipe, 
vortices pass by on both sides, and they do so at twice the rate 
vortices are shed from one side alone. Thus vortices pass by at 
twice the fundamental frequency. Successive vortices rotate in 
opposite directions and pass by on opposite sides of the pipe. 
Thus their relative longitudinal velocities at the center of the 

pipe are always in the same direction (upstream). As a vortex 
passes by, the longitudinal velocities at the center of the pipe 
increases and decreases in time in the same way for all vor
tices, no matter on which side they pass. Hence, at the center 
of the pipe, w, must be zero, and w2 must be nonzero. 

To understand the transverse velocity profiles, consider the 
flow between adjacent vortices on opposite sides of the pipe. 
Because, these rotate in opposite directions, the transverse 
velocity due to the earlier vortex adds to that due to the later 
vortex. For the flow between the later vortex and the next one 
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after it, the transverse velocity goes in the opposite direction. 
The cycle is completed with the next pair. Since pairs go by at 
the fundamental frequency, the reversing of the transverse 
velocity occurs at that rate, so v{ must be nonzero. Also, since 
vortices on opposite sides of the pipe have equal strength, v2 
must be zero at the center of the pipe. 

Near x/D = 0.83, the periodic velocity components reach 
their maximum and subsequently start to decay. For x/D > 
0.83, the shear layers diffuse further with the periodic and 
turbulence components spreading out transversely. For x/D 
> 1.59, the random turbulent wake broadens to cover the 

width of the pipe and the turbulence level begins to return to 
its free stream value, although it is still much larger than it 
was upstream of the strut. 

In addition to knowing the absolute values of the periodic 
velocities, it is sometimes useful to know their relative am
plitudes with respect to a reference. For a given spatial 
direction, the visibility of a periodic velocity component is 
defined as the ratio of the energy of that component to the 
energy of the total velocity fluctuation contained in the same 
frequency band (5.25 Hz in this paper). As the name implies, 
the visibility gives an indication of how visible a periodic term 
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is. It is related to the signal-to-noise ratio of the vortex flow. 
This information is valuable for vortex flowmeter design. 

The visibilities aul, avi, au2, and av2, of ux, vu u2, and v2, 
respectively are shown in Figs. 16 and 17. Although the 
amplitudes of the fundamental terms in the region upstream 
of the strut are small as shown in Fig. 13, their visibilities a„, 
and a„, shown in Fig. 16 are very large. This occurs because 
the turbulent distrubance upstream of the strut is small. 
However, the visibilities of the second harmonic terms are 
very small everywhere upstream of the strut. 

For x/D > 0, although the values of aul and avl decrease 
slightly as x/D increases for large x/D, these values are high 
throughout the test region, with the exception of small value 
of a,n near the center of the pipe and at the two recirculation 
regions on each side of the strut. The value of avl normally 
shows a maximum near the center where aul has a minimum. 
In contrast to the fundamental component, av2 shows a 
mimimum, and au2 a maximum near the center, with the 
exception that au2 shows a minimum at x/D = 1.59. Finally, 
for x/D > 3.13, the visibilities of the second periodic terms 
all diminish to a very small value. 

Summary 
In a high Reynolds number flow, the velocity field around a 

vortex shedding strut mounted in a circular pipe has been 
measured in detail with a laser Doppler velocimeter system. 
The velocity field consists of three components: mean, 
periodic, and random or turbulent. The mean velocity shows 
two recirculation eddies or vortices on either side of the 
splitter plate. These vortices are separated from the outer flow 
by thin shear layers, where large periodic and random 
components are produced. The periodic velocity consists 
predominantly of the first two harmonic terms with the 
fundamental being much larger than the second harmonic. No 

higher harmonic was observed with the exception of very 
small third harmonic velocity fields at a few places. Far 
downstream of the strut, the periodic terms evolve into highly 
turbulent motions that cover the entire pipe. 

The visibility, defined as the ratio of the energy of a 
periodic component to the total fluctuation energy contained 
in the same narrow frequency band, is also graphed. The 
graphs show that the vortex shedding oscillations could be 
detected not only downstream of the strut, but also upstream 
of it. The visibility of the fundamental velocity component is 
very high in regions upstream of the strut, even though the 
periodic velocity amplitude is small there. 
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Aerodynamic Studies on Swirled 
Coaxial Jets From Nozzles With 
Divergent Quarls 
The aerodynamic characteristics of strongly swirled coaxial jets issuing from a 
divergent nozzle into stagnant-air surroundings have been studied. Maps of the 
central reverse-flow zone and detailed measurements of mean velocity have been 
obtained in the region close to the exit of the nozzles and the effects of varying the 
level of swirl and the ratio of the momenta in the central and annular jets have been 
examined. The level of swirl and the momentum flux ratio are found to influence 
significantly the flow type and stability. The measurements are compared with 
calculations obtained by numerical solution of the time-averaged equations 
governing conservation of mass and momentum. The calculation procedure is also 
used to examine the effects of burner geometry and heat release onflow type. 

1 Introduction 

1.1 Flows in Swirl Burners. Swirl is often used in burners 
to control the mixing between fuel and hot combustion 
products, and consequently the heating of the fuel to its 
ignition temperature. 

Early investigations [1, 2] at the International Flame 
Research Foundation (IFRF) on oil burners reported the 
formation of a swirl-induced central reverse-flow zone which 
could greatly enhance flame stability by recirculating hot 
combustion products to the root of the flame. 

Later studies [3] at the IFRF on swirling natural gas flames 
identified the two flow types illustrated in Fig. 1: type 2 flows 
characterized by a large central reverse-flow zone and type 1 
flows characterized by an annular zone of recirculation. Type 
2 flows were observed at relatively low primary-gas velocities 
and gave short high-intensity flames, while type 1 flows were 
observed at high primary-gas velocities and gave long flames. 

Swirl burners designed for pulverized coal have a higher 
proportion of the nozzle area occupied by the primary jet than 
oil and gas burners and although swirl is known to have a 
pronounced effect on burner and combustion performance 
[4], flow and mixing have not been examined in detail. 

1.2 Present Investigation. The wide range of geometries 
for pulverized-coal burners is illustrated in Fig. 2. The present 
experimental and theoretical investigations examine in detail 
the aerodynamics of an unconfined air model of a typical 
brown-coal burner, the geometry of which is shown in the 
lower half of Fig. 2. In practice, the burner is confined in a 
furnace, however the expansion ratio of the burner in the 
furnace is typically five or more and so the use of an un
confined experiment to study the near-burner flow is justified. 

Presently, Sugar Research Institute, Mackay, Qld.4740, Australia. 
Contributed by the Fluids Engineering Division for publication in the 

JOURNAL OF FLUIDS ENGINEERING. Manuscript received by the Fluids 
Engineering Division, February 24, 1982. 

Fig. 1 Flow patterns for type land type 2 flows 

The measurements are intended to give an improved un
derstanding of the aerodynamics of isothermal swirling flows 
and provide a basis for understanding the mechanism of 
flame stabilization in related combusting flows. In the 
theoretical investigation the measurements are used to 
evaluate a mathematical model for calculating turbulent 
flows. The calculation procedure is also used to examine the 
aerodynamics for a geometry typical of a black-coal burner, 
viz. lower primary-to-secondary radius ratio and quarl length-
to-diameter ratio, and to examine the effect of operational 
variables on flow type. 

2 Experimental Facility and Instrumentation 

2.1 Model Burner. The experiments were conducted on a 
l/9th-scale air model of a brown-coal burner with the ex
perimental apparatus illustrated in Fig. 3. The scale factor 
fixed the diameter at the throat of the divergent quarl (£)) at 
102mm, the ratio of primary to secondary nozzle radii 
(Rp/Rs) at 0.68, the half-angle of the quarl at 30 deg, and the 
ratio of quarl length to throat diameter (LID) at 1.0. Air was 
supplied to the burner nozzles by two centrifugal fans gated 
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Fig. 3 Diagrammatic arrangement of the model swirl burner: 
1—burner exit wall; 2—divergent quarl; 3—flow straightener section; 
4—primary nozzle; 5—secondary tangential swirl generator; 
6—secondary axial distribution plate; 7—primary nozzle adaptor; 
8—primary tangential swirl generator; 9—primary axial distributor 
plate; 10—annular supply chamber 
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Fig. 4 Radial distributions of axial, radial and tangential components 
of velocity at the nozle exit of the burner 

through a series of control values to the axial and tangential 
air inlets of the primary and secondary swirl generators. Swirl 
was generated by a number of tangential slot entries located 
well upstream of the burner exit and varied by varying the 
proportions of the air flow introduced tangentially and axially 
into the swirl generator. The flow at the burner exit was 
substantially axisymmetric and the jet flow beyond the 
burner-exit wall was unconfined. 

Measurements were obtained with a secondary-flow space-
mean exit velocity (Usav) of approximately 23 m/s, secondary 
swirl numbers (Ss) of 0.5 and 1.0, primary-flow space-mean 

Nomenclature 

Cfi = constant in turbulence model 
D = diameter at throat of divergent 

quarl 
E = constant in wall function 
G = momen tum flux r a t i o , 

equation (2) 
kinetic energy of turbulence 
mixing length 
quarl length 

m = mass flowrate 
P = time-mean static gauge 

pressure 
r = radial co-ordinate 

R = nozzle radius 

k = 
'mix ~~ 

L = 

S = 

s* = 
u = 
V = 
w = 
X = 

y = 

rA = 

swirl number, equation (1) 
source term for dependent 
variable <t> 
time-mean axial velocity 
time-mean radial velocity 
time-mean tangential velocity 
axial co-ordinate 
normal distance from wall 
turbulent exchange coefficient 
for dependent variable <j> 
dissipation rate of turbulence 
energy 
constant in wall function 
laminar viscosity 
density 

T„ = resultant wall shear stress 
</> = dependent variable 
\p = streamfunction, equation (3) 

Superscript 

+ = dimensionless variable 

Subscripts 

av = space mean 
in = inlet 

max = maximum 
p = primary 
/• = recirculation 
5 = secondary 
t = total or turbulent 
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exit velocities {Up „„) up to 14 m/s and swirl numbers of the 
coswirling primary flow (Sp) up to 0.6. 
Here the swirl number is defined as 

p UWr2dr 

S = 

R2\ (pU2+P)rdr 

(1) 

where R^ and R2 are the inner and outer radii of the nozzle in 
question. The total swirl number for the combined primary 
and secondary flow is obtained from the above definition with 
Ri as zero and R2 the outer radius of the secondary annulus. 
The swirl numbers were calculated from the integration of 
measured time-mean velocity and static gauge pressure 
distributions at the nozzle exit. 

Typical radial distributions of axial, radial and tangential 
components of velocity at the nozzle exit of the burner are 
shown in Fig. 4. 

2.2 Probes. Probe access to the quarl region was through 
a narrow slot in the quarl wall. During measurements the slot 
was covered with thin adhesive tape to prevent inleakage of 

2.2.1 Directional Pitotmeter. The boundary of the 
reverse-flow zone (U = 0 contour) was determined with a 
two-hole pitotmeter with opposed sensing holes. In operation, 
the sensing holes were aligned parallel to the burner axis and 
were predominantly sensitive to the axial component of 
velocity. Flow reversal was indicated by a change in sign of 

— i 1 i 
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— Recirculation zone 

r/D 0 
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boundary 
Recirculation -zone 
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x/D 
Fig. 7 Flow streamlines for (a) type 3, and (b) type 2 flows computed 
from the measured axial velocity profiles. Errors in streamfunction 
values estimated to be ± 10 percent 

the pressure differential as the probe was traversed radially. 
Spatial resolution was typically ± 1 .Omm in regions of low 
turbulence, but degraded at very high levels of turbulence 
(e.g., near stagnation points) to ± 10mm. 

2.2.2 Spherical Five-Hole Pitotmeter. The three com
ponents of velocity and the static pressure were measured with 
a standard five-hole pitotmeter with an 8mm diameter 
spherical sensing head. The probe was calibrated in the 
potential core of a round jet at a velocity of 8.8 m/s for the 
full range of pitch and yaw angles, and subsequently checked 
by comparison with a total-head probe for velocities in the 
range 2-32 m/s. Measurement errors are to be expected due to 
the turbulent nature of the burner flow and these were 
estimated at ± 4 percent, except in regions of low velocity (.5 
1 m/s) where an errror of ± 20 percent was estimated. The 
latter figure applied particularly to the radial component of 
velocity since it was small over large regions of the flow. As a 
further check on the precision of the probe the total flowrate 
calculated from the measured nozzle-velocity profiles was 
compared with that measured directly by an orifice 
flowmeter: the discrepancy was less than 5 percent. 

3 Experimental Results 

3.1 Boundary of the Reverse-Flow Zone. Figure 5 shows, 
at a secondary swirl number of 1.0 and no primary swirl, the 
boundary of the reverse-flow zone (U = 0 contour) for a 
range of primary-flow velocities. The curves are labelled in 
terms of the momentum flux ratio, G, defined as 

G = PpW> 
U2 (2) 
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which has been used previously [5] as a parameter for 
recirculation in brown-coal burners. Comparison with Fig. 1 
reveals that the present flow cannot be classified as either a 
type 1 or type 2 flow, since the primary jet does not penetrate 
completely the reverse-flow zone (type 1) nor is it deflected 
radially at the nozzle exit (type 2). Instead, the primary jet is 
deflected radially at some distance downstream from the 
nozzle after partially penetrating the reverse-flow zone to a 
degree which increases with increasing momentum flux ratio. 
Hereinafter this flow type is referred to as type 3. At 
momentum flux ratios above 0.67 the flow became asym
metric and at the highest momentum flux ratio examined 
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Fig. 8 Maximum recirculated-mass flowrate as a function of 
momentum flux ratio for various swirl conditions. Errors estimated to 
be ± 10 percent 

(1.19), for which a type 1 flow with complete penetration 
might be expected, the flow was strongly asymmetric with the 
primary jet deflected to one side of the reverse-flow zone. The 
difficulty in maintaining a stable, symmetric flow at high 
momentum flux ratios arises due to the relatively large 
primary nozzle. 

At the lower secondary swirl number (0.5) and no primary 
swirl the boundary of the reverse-flow zone was similar to that 
shown in Fig. 5 (i.e., type 3 flow) but, as expected, the degree 
of primary jet penetration for a given momentum flux ratio 
was slightly greater. Furthermore, the onset of flow asym
metry occurred at a lower momentum flux ratio of 0.2. 

Figure 6 shows, at a secondary swirl number of 1.0 and 
momentum flux ratio of 0.33, the effect of primary swirl on 
the boundary of the reverse-flow zone. With no primary swirl 
a stable type 3 flow is produced. However, at low primary 
swirl numbers, in the range of 0.04 < Sp < 0.27, the flow is 
strongly asymmetric and unstable. At higher primary swirl 
numbers, greater than 0.3, the primary jet is deflected radially 
close to the nozzle exit and a stable, axisymmetric, type 2 flow 
is established. At swirl numbers above 0.34 the boundary of 
the reverse-flow zone is essentially unchanged (although the 
recirculated mass flowrate is increased). 

At a secondary swirl number of 0.5 the effect of primary 
swirl on the boundary of the reverse-flow zone was similar to 
that depicted in Fig. 6, but the mimimum primary swirl 
number for stable, axisymmetric flow increased to 0.6. 

3.2 Streamline Patterns. The detailed streamline patterns 
for typical type 2 and type 3 stable, axisymmetric flows are 
presented in Fig. 7. Here the streamfunction is normalized by 
the primary-nozzle mass flowrate: 

Table 1 Definition of T̂ , and S^ for conservation equations 

Equation 

Mass 

Axial momentum 

Radial momentum 

1 

U 

V 

0 

Meff 

Meff 

dP* d 

dx dx 

dP* d 

/ dU\ 1 d ( dV\ 

V^) + 7Tr\r^!dX) 
( dU\ 1 d ( dV\ 

V pWl 

' 2 Meff -J" + 

Tangential momentum W feff 
X pV 1 d "I 

- +^r-(/>eff)K 
L r r dr J 

Turbulence energy 

Turbulence energy 
Dissiptation rate 

Meff 

°k 

Meff 

G — pe 

e 
— (CxG-C2pt) 

Meff = M + M( = M + C„ pk /e 

P* = P+ -pk 
3 

°-«mY+(vY <')']<%)'+['i(')i 
/dU dV 

V dr dx )'} 

c . 
0.09 

c, 
1.44 

c2 

1.92 

Ok 

1.0 

"e 

1.22 

K 

0.42 

E 

9.79 
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Hr) = 
2ir\ pUr'dr' 

Jo 
(3) 

The flow boundaries shown on the figure are the boundary 
of the reverse-flow zone (U = 0 contour) and the boundary of 
the recirculation zone (t/> = 0 contour). 

For the type 3 flow (Ss = 1.0, Sp = 0.0), Fig. 7(a) shows 
that approximately 90 percent of the primary flow penetrates 
the reverse-flow zone at a momentum flux ratio of 0.33. At 
momentum flux ratios of 0.23 and 0.43 the primary-flow 
penetrations were 80 percent and 100 percent, respectively. 
For all three momentum flow ratios the eye of the recir
culation zone was located at an axial distance of 1.43D. By 
comparison, for the type 2 flow (Ss = 0.5, Sp = 0.6), Fig. 
1(b) shows that a moderate level of primary swirl causes the 
primary flow to diverge strongly downstream of the nozzle 
exit. Also, the eye of the recirculation zone is located further 
from the burner nozzle at an axial distance of 1.78D. 

For both flows the central recirculation zone is seen to 
occupy a considerable volume of the jet flow within a few 
nozzle diameters of the burner exit. Also, the mass flowrate of 
fluid recirculated in both flows is considerable, being 1.5 mp 

and 1.7 mp for the type 3 and type 2 flows, respectively. 
The estimates of the maximum error given in the figure 

caption include measurement errors in the velocity (see 
Section 2.2.2) and errors arising from flow asymmetry (see 
Fig. 6). 

3.3 Maximum Recirculated Mass Flowrate. Figure 8 
shows the maximum recirculated-mass flowrate (at the eye of 
the recirculation) plotted as a function of momentum flux 
ratio for four swirl conditions. As can be seen, the maximum 
recirculated-mass flowrate decreases with increasing 
momentum flux ratio. The effect of primary swirl on the 
recirculated-mass flow at a momentum flux ratio of 0.33 is 
indicated by the vertical broken lines, from which it can be 
seen that the addition of only a small amount of primary swirl 
(in terms of its effect on the total swirl number of the nozzle 
flow) significantly increases recirculation. That such a large 
increase in recirculation can result from such a small increase 
in total swirl is presumably a consequence of the fact that a 
large change in flow pattern results from the addition of a 
small amount of primary swirl, as shown in Fig. 6. For the 
flow configuration investigated here, the recirculation at a 
total swirl number of 0.48 (Ss = 0.5, Sp = 0.6) was slightly 
greater than that at a much higher total swirl number of 0.85 
(Ss = 1.0, Sp =0 .0) . 

4 Calculations 

The predictions were obtained by numerical solution of the 
time-mean equations governing conservation of mass and 
momentum, supplemented by a two-equation (k — t) effective 
viscosity turbulence model. The general form of the equations 
for isodensity axisymmetric flow in cylindrical geometry is: 

d ±(T W\ 
dx V * d r / 

— (PU4>) + - — (rpVcjy) • 
ox r or 

1 d 

r dr (*••£)- (4) 

value <t> represents one of the dependent variables U (axial 
component of velocity), V (radial component of velocity), W 
(tangential component of velocity), k (turbulence energy) and 
^(dissipation rate of turbulence energy). The turbulent ex
change coefficients, Y^, and source terms, S0 , for each 
dependent variable are given in Table 1. 

The boundary conditions were obtained from the 

measurements wherever possible. Thus, the inlet velocities 
and turbulence levels were taken from the measurements at 
the nozzle exit. The turbulence energy dissipation rate at the 
inlet was estimated from an assumed mixing length: 

t3/2 

«in = (5) 
'mix 

where /mix was taken as 0.33 times the supply duct dimension 
(radius for the primary nozzle and annulus width for the 
secondary nozzle). At the external entrainment boundary (r/D 
= 4.3) the axial and tangential velocities and the turbulence 
energy were taken as zero and the radial velocity was 
calculated from the radial gradient of pressure. At the out
flow boundary, which was located beyond the recirculation 
zone in a region of forward flow (x/D = 10.5), the axial 
derivatives of tangential velocity, turbulence energy and 
turbulence energy dissipation rate and the second axial 
derivative of axial velocity (d2U/dx2) were taken as zero. (In 
practice, the calculation of the flow within the burner quad 
proved to be relatively insensitive to the conditions imposed at 
the entrainment and outflow boundaries.) The flow was 
assumed to be axisymmetric. At solid surfaces the velocity 
was set to zero and so-called wall functions, based on 
logarithmic velocity profiles, used to bridge the turbulent 
boundary layer: 

ur ln(£>+) 

dk 

e = C^/4Ar3/2/((cv) 

(6) 

(7) 

(8) 

where 
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Fig. 9 Predicted flow streamlines for (a) type 3, and (b) type 2 flows in 
the brown-coal-burner geometry 
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t/,+ = ((V /4p£1/2/r lv) U, (9) 
y+ = {CS'*pkin/v.)y (10) 

and U, is the resultant velocity parallel to the wall, -T„ the 
resultant shear stress at the wall and y the normal distance 
from the wall. 

The differential equations were reduced to a conservative 
finite-difference form using the control-volume method over 
a rectangular grid covering one half-plane of the axisym-
metric flow domain. Staggered grids were employed for the U 
and Vequations. The pressure was calculated from a Poisson-
like equation derived from the finite-difference form of the 
mass conservation equation. The physical boundaries of the 
flow domain were located midway between the scalar grid 
lines except for the sloping quarl wall which passed through 
the gird nodes. A hybrid central/upwind difference scheme 
was used everywhere except adjacent to the quarl where skew-
upwind differences were used for the north and west faces of 
the t/and V control volumes. The boundary conditions were 
introduced in the usual way via modifications to the linearized 
source terms. The finite-difference equations were solved by a 
line-by-line iterative procedure with under-relaxation. Further 
details of the computational method may be found in 
reference [6]. 

The final computations were carried out on a nonuniform 
30 x 30 grid with a concentration of nodes within and near 
the quarl. The results were checked for grid independence, 
within reasonable limits, by comparison with results obtained 
on a 22 x 22 grid and a second 30 x 30 grid with a different 
distribution of nodes. The differences in the calculated 
velocities were typically less than four percent of the 
maximum velocity. Clearly, the grid dependence, although 
non-zero, is small. A VAX 11/780 computer was used, the 
run times being about 15 minutes for 400 iterations with a 
convergence criterion that the normalized sum of the absolute 
residual mass sources be less than 10 ~4. 

Figure 9 shows the calculated streamline patterns for the 
type 2 and type 3 flows discussed in section 3.2 above. A 
comparison of Figs. 9 and 7 reveals that the measured and 
calculated streamline patterns are qualitativley in good 
agreement. The axial distances to the forward stagnation 
point agree to within 20 percent which is acceptable con
sidering the high measurement errors due to the complex and 
highly turbulent nature of the flows in this region. For both 
flows the calculated location of the eye of the recirculation 
and the maximum width of the reverse-flow zone are within 7 
percent of the measurements. 

The calculated and measured maximum recirculated-mass 
flow rates are in very good agreement for the type 3 flow, but 
differ by a factor of two for the type 2 flow. No satisfactory 
explanation for this large discrepancy was found. Although 
the k—t turbulence model is known to be deficient for 
swirling recirculating flows, due to the neglect of anisotropy 
in the turbulent viscosity and additional turbulence generation 
terms arising from streamline curvature, it is unlikely to lead 
to an error of such magnitude, particularly in view of the 
good agreement for the high swirl type 3 flow. Also, it is not 
considered likely that measurement errors account for the 
discrepancy. 

In the type 3 flow the recirculation zone is predicted to 
extend further into the quarl region than shown by the 
measurements and less of the primary stream is predicted to 
penetrate the reverse-flow zone. These related discrepancies 
are possibly attributable to inaccurate measurements of the 
radial component of velocity at the primary nozzle exit, 
leading to an erroneous boundary condition for the 
calculation. As expected, the detailed flow of the primary 
stream immediately downstream of the nozzle before 
penetrating the reverse-flow zone is sensitive to the radial 
component of velocity at the nozzle exit. 

1.5 
—i ' 1 ' r 
R p / R 5 = ( U 8 S5=0.B Sp=0.7 G = 0.46 

Reverse-flow zone boundary 
Recirculation zone boundary 

0.5 1.0 1.5 2.0 

x/D 
Fig. 10 Predicted flow streamlines for black-coal-burner geometry 
with a center-line blockage to simulate an oil gun 

5 Effect of Burner Geometry and Operational 
Variables on Flow Type 

The calculation method was used to examine the effect of 
changes in burner geometry and operating conditions on the 
flow patterns. The results are too numerous to be given in 
detail and only the more important and practically relevant 
findings are presented. 

5.1 Quarl Length and Angle. For both type 2 and type 3 
flows a reduction in quarl length, from an LID of 1.0 to 0.41, 
resulted in a narrower reverse-flow zone and a significant 
reduction in recirculation. In the case of the type 3 flow the 
penetration of the reverse-flow zone by the primary stream 
increased only slightly. Similarly, a reduction in quarl angle, 
from 30 to 25 deg, also resulted in a narrower reverse-flow 
zone and a reduction in recirculation. In all cases the basic 
flowpattern type remained unchanged. 

5.2 Black-Coal-Burner Geometry. Calculations were 
performed for a nozzle and quarl geometry typical of a black-
coal burner, viz. nozzle radius ratio of 0.48, quarl length-to-
diameter ratio of 0.41 and quarl half-angle of 30 deg. The 
secondary mass flowrate was fixed at its previous value, 
giving a secondary-flow mean velocity averaging 16 m/s. The 
secondary swirl number was 0.8. 

At a typical momentum flux ratio of 0.46 the flows with 
primary swirl (Sp = 0.7) and without primary swirl were 
qualitatively similar to the type 2 and type 3 brown-coal-
burner flows shown in Fig. 9. For the type 3 flow the 
penetration of the reverse-flow zone by the primary stream 
was greater than for the corresponding brown-coal-burner 
flow, with the forward stagnation point predicted to lie 
beyond the eye of the recirculation zone. Under these con
ditions it is doubtful whether, in practice, the recirculation 
zone would remain stable and axisymmetric. A potentially 
more stable type 3 flow was produced at the lower momentum 
flux ratio of 0.36. At the high momentum flux ratio of 1.5 the 
primary stream completely penetrated the reverse-flow zone 
resulting in a type 1 flow. However, in view of the ex
perimental results for the brown-coal-burner geometry it is 
doubtful whether, in practice, the toroidal recirculation zone 
would remain stable and symmetric, although the smaller 
primary-nozzle diameter in the black-coal-burner geometry 
will enhance the stability of the type 1 flow. 

The effect of a central oil gun on the black-coal-burner 
flows has been simulated by adding a bluff body on the axis of 
the primary nozzle to give a blockage ratio typical of that used 
in existing black-coal burners. In practice, the oil gun is only 
fired during burner start-up. The calculated streamline 
pattern for the flow with primary swirl (Sp = 0.7, G = 0.46) 
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is presented in Fig. 10, and shows the expected large reverse-
flow zone created by the swirling flow emerging from the 
divergent quarl. An interesting feature of the flow is the 
merging of the small bluff-body-induced reverse flow with the 
large swirl-induced reverse flow to form a single, large 
recirculation zone attached to the burner nozzle. 

The flow so formed is essentially an attached type 2 flow. 
For the flow without primary swirl the predicted flowpattern 
was very similar to that shown in Fig. 10, with no evidence of 
primary stream penetration into the reverse-flow zone. Thus, 
without primary swirl the addition of a central oil gun may 
significantly modify the flowpattern, causing a transition 
from a type 3 flow to an attached type 2 flow. Of course, the 
precise effect of the oil gun will depend upon the blockage 
ratio and the momentum flux ratio: for a low blockage ratio 
and high momentum flux ratio the flow may be of type 3. 

6 Conclusions 
The following main conclusions can be drawn from the 

present investigation: 
1 A stable, symmetric central recirculation zone within the 

divergent quarl of a swirl burner can be produced for a range 
of flow conditions. 

2 The range of momentum flux ratios over which the 
central recirculation zone remains stable and symmetric 
without primary swirl support is relatively narrow and 
decreases with decreasing swirl number. Without primary 
swirl a portion of the primary flow partially penetrates the 
reverse-flow zone before being deflected radially, resulting in 
a type 3 flow. Complete penetration of the reverse-flow 
zone - a type 1 flow - is not expected with the range of radius 
ratios and momentum flux ratios used in existing coal 
burners. 

3 At a fixed momentum flux ratio a minimum level of 
primary swirl is required to establish a stable, symmetric type 
2 flow previously observed for oil- and gas-burner geometries. 
This mimimum level of primary swirl depends on the 
secondary swirl and decreases with increasing secondary 

swirl. Once a stable type 2 flow is established further increases 
in primary and secondary swirl produce relatively small 
changes to the reverse-flow boundary, although the recir-
culated-mass flowrate increases. 

4 The recirculated mass flowrate is increased by a decrease 
in momentum flow ratio and/or an increase in swirl. Fur
thermore, the measurements suggest that the overall swirl 
number of the flow at the burner nozzle is not sufficient to 
characterize completely the effect of swirl on recirculation 
and that the interaction between swirl, in particular primary 
swirl, and flowpattern type must be taken into account. 

5 The measured flow patterns are adequately represented 
by a calculation procedure based on numerical solution of the 
equations governing conservation of mass, momentum, 
turbulence energy and turbulence energy dissipation rate. 
However, differences still remain to be explained and further 
improvements to the calculation method are desirable. A 
substantial part of the difference between the calculations and 
measurements is thought to be attributable to the turbulence 
model. Despite the discrepancies, the present investigation 
suggests that the calculation method is adequate for many 
engineering purposes. 
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Flow in a Rectangular Diffuser 
With Local Flow Detachment in 
the Corner Region 
An experimental study was conducted in order to examine the nature of flow within 
a high-inlet-aspect-ratio rectangular diffuser with locally detached flow in the 
corner region, but attached flow elsewhere in the diffuser. The results include flow 
visualization data corresponding to tuft and oil flow patterns observed on the 
diffuser walls and flow angle data taken in the immediate vicinity of the corner. 
Axial mean velocity distributions and local wall shear stress profiles are also 
presented. Analysis of the results provides new insight into the structure of 
separated, three-dimensional corner flows, wherein combined attached and 
detached flow conditions exist simultaneously at each streamwise location. 

Introduction 
In certain design applications, a rectangular diffuser is 

sometimes used as a means of decelerating the flow. For 
turbulent flow in high-inlet-aspect-ratio rectangular diffusers 
(AS > 4), the state-of-the-art has now progressed from a 
knowledge of basic flow regimes [1,2] and overall pressure 
recovery behavior [3], to integral methods which can predict 
the onset of flow separation [4], and local pressure recovery 
for unstalled [5] and partially stalled [6] flow conditions, to a 
zonal integral method [7] which can be applied to predict local 
flow behavior in the unstalled flow, transitory stall, and fully-
developed stall regimes defined by Fox and Kline [2]. The 
two-dimensional predictive code reported in [7] has recently 
been extended to accommodate diffuser flows with unsteady 
inlet flow conditions [8], Data are also presently available 
which demonstrate the effects of inlet blockage [9], inlet 
profile nonuniformity [10], and wall shape [11] on the per
formance of high-inlet aspect ratio diffusers. More recent 
experimental studies have focused on the nature of diffuser 
exit velocity profiles with transitory stall present [12], details 
of the transitory stall cycle for both undisturbed and 
periodically disturbed inlet conditions [12], the sensitivity of 
the line of first appreciable stall to "wake-like" inlet flow 
conditions [13], and the nature of flow direction intermittency 
along the diverging walls of a diffuser [14]. 

All of these studies have increased our physical un
derstanding and predictive capabilities in the area of high-
inlet-aspect-ratio rectangular diffuser flows. With the ex
ception of limited flow visualization data available from the 
studies by Fox and Kline [2] and Waitman, et al. [9], however, 
no data are available from the above references on corner 
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flow separation patterns or on flow characteristics in the 
corner region under locally detached flow conditions. This 
same comment applies for studies which have been conducted 
to date in low-inlet-aspect-ratio rectangular diffusers (AS < 
0.5), which generally focus on overall diffuser performance, 
as influenced, for example, by a uniformly sheared [15, 16] or 
fully-developed [17] inlet flow condition. 

Previous investigations of rectangular diffuser flows have 
included some studies for which the inlet aspect ratio was 
identically unity and mean flow behavior was investigated to a 
limited extent [18, 19]. In more recent work, novel 
measurement techniques have been applied to determine the 
local flow structure within rectangular diffusers having an 
inlet aspect ratio at or near two [20-22]. In most of these 
studies, data are restricted to the midplane region of the 
diffuser [19-22], and only limited data are included in one 
reference [20] which show the change that occurs in the axial 
mean velocity component near a wall as the corner is ap
proached. 

2o = 3 .000 in | 
(0.076m) | | 

CONTRACTION 

FLOW 

a (TYP) 

OPERATING CONDITIONS: AS=8:1, $VAR, Re0 = 9 . 7 x l 0 4 

Fig. 1 Schematic diagram of rectangular diffuser 
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On the basis of the above considerations, it is apparent that 
our knowledge of local flow behavior in the corner region of a 
rectangular diffuser for various operating conditions is in
complete. The purpose of this paper is to present results which 
demonstrate flow development within a rectangular diffuser 
when locally detached flow exists in the corner region, but the 
flow is attached elsewhere. The data are based on a low Mach 
number, high Reynolds number, uniform core, thin-inlet-
boundary-layer flow which develops symmetrically within a 
high-inlet-aspect-ratio rectangular diffuser. The results in
clude flow visualization data corresponding to tuft and oil 
flow patterns observed on the diffuser walls and flow angle 
data taken in the immediate vicinity of the corner. Axial mean 
velocity distributions and local wall shear stress profiles are 
also presented. 

Experimental Program 

Flow Facility. The overall flow facility is an open-circuit 
configuration with air flow provided by means of a variable-
speed axial flow fan (General Electric Model 7A5 Al). Air 
discharges from the fan into a plenum chamber and then 
passes into an aluminum contraction which reduces the flow 
area from 4 ft x 4 ft (1.2 m x 1.2 m) to 3 in. x 24 in. (0.076 
m x 0.61 m). These outlet dimensions are compatible with 
the inlet dimensions of the rectangular diffuser, which is 
directly coupled to the contraction and exhausts to the at
mosphere, as shown in Fig. 1. The diffuser consists of two 
variable-divergence-angle, aluminum walls (0.25 in. or 4.0 
mm thick) and two parallel, plexiglas end walls of the same 
thickness. For prediction purposes, the curved contour of 
each diverging wall edge (four edges) was mapped between the 
station where the wall began to curve (Station 0') and the first 
station (Station 1) where the wall became flat again. These 
positions are tabulated in a thesis [23] which forms the basis 
of the present paper. That reference also includes complete 
details of the measurement techniques and probe con
figurations used in this study. Additional information and 

results appear in an extended version of the present paper 
[24]. 

Flow Visualization Techniques. Flow in the near-wall 
region was observed by means of: (1) a wool tuft attached to a 
hand-held wooden dowel inserted upstream of the flow, (2) an 
array of tufts located on the left side of the lower diverging 
wall, and (3) a mixture of oil and fluorescent dye which coated 
the diffuser walls. The oil-dye mixture consisted of 10 ml of 
silicon oil, 10 drops of oleic acid, and 20 drops of fluorescent 
dye (oil dye #50, Morton Chemical Company, Chicago) and 
was used to observe limiting wall streamline patterns in the 
corner region. The mixture was sprayed onto the surface by 
means of an air brush (Badger Model 200-1), and an 
ultraviolet light (Magnaflux Model ZB22) was used to 
illuminate the fluorescent dye. 

Operating Conditions. Flow visualization studies were 
conducted over a range of inlet core flow velocities (20 < Ucfi 

< 50 m/s) and diffuser divergence angles (4 < 2</> < 12 deg). 
For the velocity and wall shear stress measurements reported 
in this paper, the total divergence angle was set at 8 deg and 
the inlet core flow velocity was maintained at 20 m/s (± 0.05 
m/s). For this operating condition, the inlet Reynolds 
number, Re0 = 2aUcfi/p, was 9.7 x 104 and the midplane 
displacement thicknesses evaluated at the diffuser inlet were 
25;,0/W

ri = 0.0259 (at z/a = 8) and 25*0/(2ft) = 0.0025 (at 
y/a = 1). The above conditions correspond to a high 
Reynolds number, thin inlet-boundary-layer operating 
condition, for which the inlet blockage is less than 3 percent 
of the throat area and the Reynolds number is sufficiently 
high to ensure sustained turbulent flow at the diffuser inlet 
[3]. 

Experimental Results 

Inlet Station Profiles (Station 0). Initial velocity profile 
data were taken at the inlet station by means of a circular pitot 
tube referenced to a wall tap in order to examine the spanwise 
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Fig. 3{a) Diverging wall

Fig. 3 Observed limiting wall streamlines near the difluser exit plane
(29 = 8deg)

Fig. 3(b) End wall

region could still be discerned in the presence of gross un
steadiness in the flow. Figure 3 show typical limiting wall
streamline patterns observed near the diffuser exit plane on
the diverging wall (Fig. 3(a)) and on the end wall (Fig. 3(b))
bounding the quadrant shown in Fig. 2 with the total
divergence angle set at 8 deg. The irregular ribbon of dye near
the corner line in Fig. 3(a) (which is reflected on the end wall)
is an artifact caused by the downward movement of oil on the
vertical end wall over the time period required for a stable
pattern to form (20 to 30 min). The results shown in Fig. 3
indicate that limiting wall streamlines do not form a sym
metric pattern about the corner line, but form, instead, an
antisymmetric "S"-shaped pattern about this line. This result
was unexpected, inasmuch as wholly attached flow in the
vidnity of a streamwise corner generally exhibits a high
degree of local symmetry about the corner bisector.

o
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Fig. 2 Isotach contours and velocity profile locations (A·L) at the inlet
station (Station 0)

uniformity of the flow and the sensitivity of inlet flow profiles
to the diffuser divergence angle setting. The results indicated
that flow at the inlet station was not influenced by down
stream effects, which ranged from a wholly attached flow
condition for 2 cP =' 0 deg to locally detached flow in the
corner region, with attached flow elsewhere, when 2 cP = 8
deg. Inlet flow symmetry was also examined by measuring
lines of constant axial mean velocity (isotachs) within the
entire cross section of the diffuser. The pattern measured
within one quadrant is shown in Fig. 2 and is indicative of a
distortion-free flow at the inlet. The yla, zla position of the
points for VIVc = 0.95 are estimated to be accurate to within
Ayla = ±0.04, Azla = ±0.03, as determined by comparing
indicated positions measured with the circular pitot tube first
referenced to a single wall tap, and then to the wall tap in
closest proximity to the probe. These deviations decrease as
isotach values decrease, until Ayla = ±0.01, Azla = +0.01
for points corresponding to the lowest isotach value shown in
Fig. 2 (VI Vc = 0.040).

In order to determine the extent of local law-of-the-wall
behavior at the inlet plane, additional boundary layer profile
measurements were made with a flattened pitot tube at the
lettered locations shown in Fig. 2 (Positions A through L).
Local wall shear stress measurements were also made at these
positions, and at the interirn positions, by means of Preston
tubes. The use of a Preston tube presumes, of course, that a
wall-defined log-law region exists at each transverse location.
This presumed behavior was confirmed by the results, which
indicate that log-law behavior exists well into the corner
region (e.g., at positions G and L in Fig. 2). These results are
shown explicitly in the related paper by Gessner and Chan
[24].

Flow Visualization Results. Initial probing of the
peripheral near-wall flow indicated that locally detached flow
in the corner region, when present, always occurred
simultaneously in all four corners of the diffuser. For the
smallest diffuser divergence angle setting (2cP = 4 deg), it was
apparent from visual observation of the tuft array on the
lower diverging wall that the flow remained wholly attached.
For 2cP = 8 deg the flow detached locally in the near-corner
region, as indicated by tuft motions which were interpreted as
being indicative of intermittent transitory stall [9]. When the
total divergence angle was increased to 12 deg, there was a
definite transverse variation in the stall pattern at a given
streamwise location, ranging from local transitory stall in the
immediate vicinity of the corner, to intermittent transitory
stall in the adjacent wall region, to unstalled flow in the
central wall region. The patterns which formed were relatively
insensitive to inlet core flow velocity variations within the
range 20 :5 V c < 40 mis, and are described in detail by Chan
[23].

Oil flow visualization of limiting wall streamline patterns
indicated that time-averaged flow behavior in the near-corner
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Fig. 4 Structure of the separation bubble in the corner region (2</> = 8 
deg) 

The results shown in Fig. 3 can be interpreted more fully by 
referring to Fig. 4, which shows details of the separation 
bubble inferred from the patterns in Fig. 3. The limiting wall 
streamlines in Fig. 4 bound the lower portion of a separation 
bubble which emanates from an isolated singular point, S, on 
the corner line between Stations 1 and 2. The exact position of 
this singular point could not be discerned in the present study. 
It was also not possible to discern whether limiting wall 
streamlines on the diverging wall, for example, actually 
coalesce to form a locus of points along which local flow 
detachment occurs (following MaskelFs [25] interpretation) 
or whether limiting wall streamlines approach the detachment 
line asymptotically, as Lighthill [26] conjectures. In the 
present study, Maskell's point of view was adopted, so that 
the streamline pattern shown in Fig. 4 reflects his in
terpretation of detachment and reattachment behavior in 
three-dimensional, bubble-type separating flows. The limiting 
wall streamlines on the diverging wall thus terminate along a 
locus of points which can be interpreted as a detachment or 
separation line, along which fluid must leave the surface to 
avoid a build-up on this line. Similarly, limiting wall 
streamlines on the end wall emanate from a line along which 
fluid on the outer surface of the bubble must reattach to avoid 
fluid depletion on this line. The detachment and reattachment 
lines shown in Fig. 4 are thus lines along which ordinary 
separation and reattachment occur (typically at points Oj and 
02), and flow on the outer surface of the bubble must be 
spiral-like in nature to accommodate the detachment-
reattachment pattern which has been observed. On the basis 
of an analysis by Mojola [27], the detachment and reat
tachment lines should emanate from the singular point on the 
corner line in cusp-free fashion (normal to the corner line). 
This behavior was not observed in the present study, however, 
because of resolution difficulties in the vicinity of the 
separation point. 

The zero velocity lines shown in Fig. 4 correspond to the 
locus of points where the limiting wall streamlines are 
everywhere tangent to lines normal to the corner line, so that 
the streamwise component of the time-averaged wall shear 
stress is identically zero on these lines. In the region between 
these lines and the detachment or reattachment lines, the time-
averaged fluid motion is forward facing, and the local wall 
shear stress varies markedly in both magnitude and direction. 
A similar comment applies for wall shear stress behavior in 
the region between the zero velocity lines and the corner line, 

except that the flow is locally reversed (on a time-averaged 
basis) in this region. In Fig. 4, the position of the zero velocity 
lines (typically at y0/a and zQ/a) and the position of the 
detachment line (typically at zs/a) correspond to the observed 
positions of these lines (to within an estimated uncertainty of 
Ay/a = ±0.07 or Az/a = ±0.07). The nominal position of 
the reattachment line shown in Fig. 4 (typically at yr/a) is only 
approximate, inasmuch as the position of this line could not 
be distinguished by visual observation. 

Before discussing hot-wire and pressure probe 
measurements in the flow, it should be noted that the limiting 
wall streamline pattern in the corner region of a symmetrically 
expanding square duct must be radically different from the 
pattern shown in Fig. 4. In this case, the only admissible 
pattern is one which is symmetric about the corner line. A 
plausible pattern would consist of limiting wall streamlines on 
each wall bounding the corner similar to those shown on the 
diverging wall of Fig. 4. Under these conditions, limiting wall 
streamlines on each wall would emanate from an "at
tachment" line coincident with the corner line, and fluid 
downstream of the expansion would serve wholly as the 
source of fluid within the region of locally reversed flow 
bounded by the zero velocity lines and the corner line. The 
exact nature of the separation bubble under these conditions 
merits further study. 

Downstream Station Profiles (Stations 1-5). The stream-
wise development of the axial mean flow is shown in Fig. 5, 
which indicates that the diverging and end wall boundary 
layers develop at approximately the same rate. This behavior 
is in contrast to that observed by Norbury [18] in a rec
tangular diffuser having an inlet aspect ratio of unity, wherein 
the diverging wall boundary layers developed approximately 
twice as fast as the end wall boundary layers. The distortion 
which appears in the isotach contours shown in Fig. 5 
(especially near the end wall at Station 5) is due primarily to a 
displacment effect induced by formation of the separation 
bubble, rather than corner generated secondary flows. The 
relative position of the U/Uc = 0 isotach at Stations 3 and 5 is 
in remarkably good agreement with the zero velocity points 
determined by means of oil flow visualization, even though 
the sensing element (a circular pitot tube) was subject to large-
scale fluctuations and intermittent flow reversal in the near-
corner region. 

In order to examine the extent of local law-of-the-wall 
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Fig. 5(a) Station 1 

Fig. 5(b) Station 3 
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Fig. 5(c) Station 5 

Fig. 5 Isotach contours (2<i = 8 deg) 

behavior at downstream stations with locally detached flow 
present in the corner region, it was first necessary to deter
mine, or at least estimate, skewness characteristics of flow in 
the near-wall region. Between the diffuser mid-plane positions 
and the detachment or reattachment line locations shown in 
Fig. 4 (yr/a < y/a < yc//a or zs/a < z/a < 8), local flow 
angles along traverses normal to the diverging wall and end 
wall were assumed to be less than 10 deg, which corresponds 
to the maximum observed angle of inclination of the 
detachment line relative to the corner line. For traverses 
within the forward-facing-flow portions of the separation 
bubble (y0/a < y/a < yr/a or z0 /a < z/a < zs/a) a more 
accurate determination of skewness levels had to be made, 
inasmuch as the near-wall flow undergoes a turning angle of 
approximately 90 deg between the zero velocity lines and the 
detachment and reattachment lines. 

e„ = 90° @ z/a ~ 0.5 

NOTE' zs < z < z0 FOR ALL PROFILES 

_ pi I I I I 
0 0.02 0.04 0.06 0.08 0.10 

y/a 

Fig. 6 Flow angle profiles near the diverging wall (2<4 = 8 deg) 

Figure 6 shows yaw angle profiles measured at Station 5 
along traverses normal to the diverging wall at z/a locations 
between the zero velocity line (ZQ/O) and the detachment line 
(zs/a). Along the traverse closest to the zero velocity line (z/a 
= 0.533; refer to Fig. 4), measured yaw angles at points 
beyond the first point where velocity profile data were taken 
(y/a = 0.0067) are less than 13 deg, and are even less along 
the adjacent two traverses (z/a = 0.667 and z/a = 1.000). 
Along all of these traverses, measured yaw angles in the 
immediate vicinity of the wall are likely to be 2 to 3 deg below 
actual values by virtue of aerodynamic interference effects 
induced by probe proximity to the wall [28]. Even if this 
correction is applied, however, local yaw angles are still less 
than 10 deg along the traverses at z/a = 0.667 and 1.000, and 
do not exceed 15 deg along the traverse at z/a = 0.533. In 
view of this behavior, all pressure and hot-wire probe data at 
the downstream stations were taken with probes aligned with 
the axial flow direction. Under these conditions, the 
maximum deviation in measured axial mean velocity com
ponent values caused by probe misalignment was estimated to 
be less than 1-1/2 percent along all diverging and end wall 
traverses, with the exception of traverses closest to the zero 
velocity lines, where the maximum deviation was estimated as 
3 percent for the first few data points closest to the wall. 

The use of Preston tubes within the forward-facing-flow 
portions of the separation bubble also required close scrutiny 
before their actual application to measure local wall shear 
stress values. The outside diameter and tube wall thickness of 
the largest and smallest diameter Preston tubes selected for 
measurements at Station 5 are shown to scale in Fig. 6. The 
most severe operating condition occurs when the smallest 
probe is positioned at z/a = 0.533, where the flow is inclined 
at an angle of approximately 12 deg relative to the probe axis. 
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For these operating conditions, Prahlad [29] has shown that 
the total pressure indicated by a Preston tube aligned with the 
axial flow direction differs by less than 2 percent from the true 
total pressure. On the basis of this result, all Preston tube data 
at the downstream stations were taken with probes aligned 
with the axial flow direction, and two-dimensional calibration 
data were used to reduce the readings. The latter approach 
again assumes that log-law behavior exists along each 
diverging and end wall traverse, and at least applies ap
proximately along traverses within the forward-facing-flow 
regions of the corner separation bubble. The validity of this 
assumption will be demonstrated shortly. 

Figure 7 shows distributions of the streamwise component 
of the local wall shear stress measured at three downstream 
stations (Stations 1, 3, and 5) relative to the distribution 
measured at the inlet station (Station 0). Each distribution 
measured on the end wall (y/a variable) terminates at the 
horizontal midplane of the diffuser. In general, values 
measured by the different diameter Preston tubes at a given 
point are in good agreement, and the limiting behavior of 
distributions measured at Stations 3 and 5 is compatible with 
the zero values determined by means of oil flow visualization. 
The tendency of wall shear stress distributions on the 
diverging and end walls at Station 1 to approach the corner 
line normally is also in accord with the corner flow separation 
criterion developed by Mojola [30], 

In high intensity flows with intermittent flow reversal, it is 
not possible to state a priori whether flattened pitot tube or 
hot-wire probe readings will be inherently more accurate. In 
order to determine the preferred method of measurement 
within the forward-facing-flow regions of the separation 
bubble, comparative measurements were made at Station 5 at 
the same z/a location noted earlier where operating con
ditions are particularly severe (z/a = 0.533; refer to Fig. 4). 
Axial mean velocity profiles measured at this location by four 
different methods are shown in Fig. 8. In general, all methods 
agree well in the outer portion of the boundary layer (y/a > 
0.2). In the inner region, however, values based on linearized 
and nonlinearized hot-wire data exceed flattened pitot tube 
values by 100 percent or more. Similar behavior has been 
noted in the high intensity region of a pressure driven, three-
dimensional turbulent boundary layer [28]. An opposite effect 
has been observed, however, in a nominally two-dimensional 
turbulent boundary layer near incipient separation [31], which 
serves to illustrate the complexity of the problem. 

In order to reconcile the differences observed in the present 
study, the profiles shown in Fig. 8 were plotted in terms of 
law-of-the-wall coordinates, as shown in Fig. 9. From the 
figure it is apparent that only flattened pitot tube values 
exhibit correct behavior in the viscous sublayer, which 
presumably still exists at z/a = 0.533. It should be noted that 

the elevated hot-wire values shown in Fig. 9 are not attributed 
to probe offset or wall proximity effects, inasmuch as 
comparable distributions measured at the vertical midplane 
(z/a = 8) both agreed well with the viscous sublayer 
distribution at this location. The elevated [//values based on 
non-linearized hot-wire data would tend to follow the viscous 
sublayer distribution if the friction velocity were increased by 
a factor of approximately two. This would require, however, 
a four-fold increase in the measured wall shear stress at z/a = 
0.533, which is considered implausible and would distort the 
overall wall shear stress distribution from the limiting form 
shown in Fig. 7. For compatibility between [//values based 
on linearized hot-wire data and the viscous sublayer 
distribution shown in Fig. 9, an even greater (six fold) increase 
in the local wall shear stress value at z/a = 0.533 would be 
required. These results were interpreted to mean that the local 
wall shear stress distributions shown in Fig. 7 are reasonably 
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accurate, and that actual flow conditions at z/a = 0.533 are 
best represented by the flattened pitot tube profiles shown in 
Fig. 8 and 9. Accordingly, this method of measurement was 
used to determine axial mean velocity profiles at all of the 
downstream stations. 

Figure 10 shows velocity profiles measured at Station 5 
along the diverging and end walls of the diffuser. Profiles 
within the forward-facing-flow regions of the separation 
bubble are indicated by an asterisk (*). The y + and z + 

locations of the outside diameter of the largest and smallest 
Preston tubes used to determine local wall shear stress values 
are also shown. Profiles measured at locations between points 
distant from the corner and the detachment and reattachment 
lines shown in Fig. 4 generally exhibit local law-of-the-wall 

behavior until y + or z+ exceeds 100. Profiles within the 
separation bubble tend to become more "wake-like" in 
character as each zero velocity line is approached (at y0/a = 
0.3 and z0/a = 0.5; refer to Fig. 5), but still exhibit acceptable 
behavior within the viscous sublayer. The level of agreement 
between measured distributions and the reference (solid line) 
distribution in Fig. 10 indicates that the two-dimensional 
form of the law of the wall, with U and uT defined as the 
streamwise components of the total velocity vector and 
friction velocity vector, respectively, provides an acceptable 
fit of the data. 

Inasmuch as skewness angles associated with flow in the 
separation bubble beyond the viscous sublayer were relatively 
moderate (d < 12 deg; refer to Fig. 6), no attempt was made 
to find a more exact log-law relationship from among those 
which have been proposed previously for three-dimensional 
skewed boundary layers [32]. Some comparisons can still be 
made, however, with previous work in this area. For example, 
the y + value corresponding to the first £// value measured at 
z/a = 0.533 (y + = 4; refer to Fig. 10(a)), when positioned 
relative to the yaw angle profile as shown in Fig. 6, implies 
that the mean flow undergoes a severe turning (greater than 60 
deg) within the viscous sublayer. Prahlad [33] has observed 
similar behavior, albeit in a diminished sense, within a 
pressure-driven, three-dimensional turbulent boundary layer. 
Figure 6 also indicates quite clearly that the flow angle 
changes continuously as the viscous sublayer is approached, 
so that flow in the near-wall region of the separation bubble is 
definitely not collateral. This behavior is in accord with recent 
observations of near-wall flow in pressure-driven, skewed 
boundary layers, where the presence of collateral velocity 
profiles is now regarded as questionable [32, 34]. 

Conclusions 

The present study has focused on the nature of turbulent 
flow within a high-inlet-aspect ratio rectangular diffuser 
having locally detached flow in the corner region, but at
tached flow elsewhere within the diffuser. The diffuser 
configuration consisted of two symmetrically diverging walls 
and two parallel end walls. The core flow at the diffuser inlet 
was essentially uniform, and the diffuser exhausted directly to 
the atmosphere. The following conclusions apply for a high 
Reynolds number, low Mach number, thin-inlet-boundary-
layer operating condition. 

1. When local flow detachment occurs, a separation 
bubble is formed in each corner which emanates from an 
isolated singular point on the corner line. The limiting 
streamlines on the diverging and end walls from an " S " -
shaped pattern about the corner line. Each streamline 
emanates from a line interpretable as a reattachment line and 
terminates on a line interpretable as a detachment line. Flow 
on the outer surface of the separation bubble is spiral-like in 
nature to accommodate the detachment-reattachment pattern 
which has been observed. 

2. Limiting streamlines on the diverging wall undergo a 
turning angle of approximately 90 deg between the detach
ment line and zero velocity line on that wall. Similar behavior 
exists on the end wall between the zero velocity and reat
tachment lines. The adjacent near-wall flow undergoes a 
severe turning within the viscous sublayer (y+ or z+ ^ 5), 
with only moderate changes in flow direction outside this 
layer. Inasmuch as the flow angle varies continuously 
throughout the boundary layer, no evidence of collateral flow 
was found in the present study. 

3. The two-dimensional form of the law-of-the-wall 
applies along traverses normal to the diverging and end walls 
of the diffuser between the midplane regions and the 
detachment and reattachment lines bounding the separation 
bubble. This conclusion applies when Uy and y + (or (7+and 
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Z + ) are based on the streamwise components of the total 
velocity vector and friction velocity vector. 
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Analysis of the Frequency 
Response of a Fluid Amplifier 
Using Unsteady Flow 
Characteristics 
This paper is mainly concerned with the theoretical and experimental study of the 

frequency response of an analog fluid amplifier. The channels are considered as 
distributed parameter systems and the frequency effects on the charcteristics of 
nozzles, vents, and jet interaction are taken into account. The paper considers the 
dynamic behavior of the flow in vortex vents and the interaction of two jets : a 
discontinuous profile is used to approximately describe the average velocity 
distribution in the jet in order that a recursive solution for the eigenvalues resulting 
from a small perturbation be obtained. The amplifier was tested by means of an 
electropneumatic signal generator at frequencies up to 3000 Hz. A comparison with 
experiments performed in the potential core region shows that the linear theory 
correctly predicts the passband of the jet which is constant provided a local Strouhal 
number is used. 

1 Introduction 
The analysis of the dynamic performance of a proportional 

(or analog) fluid amplifier is an interesting basic approach to 
the dynamic performance of pneumatic control systems, as 
several different types of flow geometry must be taken into 
account, specifically, the internal flows in variable-area 
channels, the interaction of free flows, and vortex flows 
through certain vents. The first analyses relative to such an 
amplifier were carried out assuming that channel response 
may be represented adequately by a lumped-parameter system 
(pressure drop, inertia, capacity) and that the interaction of 
the supply and control jets corresponds only to a delay in 
signal transmission [1-3]. Experience has allowed the validity 
of these hypotheses to be demonstrated for certain amplifier 
configurations. However, when high frequencies are con
sidered, or more generally when the Strouhal number in
creases, methods based upon distributed parameter systems 
become necessary. Such theories were developed for lines 
[4-6], but they should nevertheless be applicable to the am
plifier configuration. 

On the other hand, in cases of jet interaction and vortex 
flows, the few results that are available are difficult to apply 
to the complete analysis of the dynamic response of the 
amplifier. This paper proposes solutions for both these flow 
types, and shows that, by associating them with line theory, it 
is possible to predict the frequency response of a complex 
flow, such as exists in a proportional fluid amplifier (Aviation 
Electric Ltd. type 13000 P01 - Fig. 1). 

SCALE • 

Contributed by the Fluids Engineering Division for publication in the 
JOURNAL OF FLUIDS ENGINEERING. Manuscript received by the Fluids 
Engineering Division, October 10, 1980. 

Fig. 1 Geometry of A.E.L. amplifier (channel depth: 1 mm, connection 
diameter :2.45 mm) 

2 Experimental Methods 
The experiments are mainly concerned with the dynamic 

response of a vortex flow and of a complete amplifier, and the 
dynamic interaction of two plane jets. Block diagrams are 
given in Fig. 2, while the experimental setups are described in 
the following paragraphs. 

For analysis of the vortex model and the proportional 
amplifier, an electropneumatic generator [7] is used to 
generate the input signal (maximum peak-to-peak amplitude : 
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Fig. 2 Block diagrams of the test setup 

8 mb ; maximum average flow : 0.15 1/s ; distortion : 2 
percent at 1000 Hz). Pressures are measured by means of 
"Sensortec" flush-mounted sensors 3.2 mm in diameter (± 1 
percent frequency range 0-10 KHz). The difference between 
the frequency response of the two sensors and the integrating 
effect on the membrane surface [8] give at the highest 
frequencies used, an error of less than 8 percent in the Ps/Pe 
amplitude ratio and an out-of-phase error of less than 10 deg. 

In the analysis of the interaction of two jets, the input 
signal is provided by a slotted-disk generator capable of 
providing the necessary flow rate. A variable capacity placed 

in parallel enables the signal amplitude to remain constant for 
all frequencies. Velocity measurements have been made with 
DISA type 55 M anemometers associated with linearizers and, 
possibly, filters. Measurement error comes essentially from 
the instability of the generator signals but the same 
measurement was made several times and an average taken. 
Moreover, the filters used have frequency responses each of 
which can vary by a maximum of 5 percent relative to the 
other and so the relative error in the measurement of velocity 
variation amplitudes is estimated to be less than 10 percent. 
Finally, when the flows were very turbulent, a SAICOR-53 
correlator was used to sample and average the instantaneous 
signal. 

3 Dynamic Behavior of Vortex Flows 

The vortex vent of the amplifier (Fig. 1) constitutes a 
dynamic impedance branched from the receiver which must 
be used in calculating the total amplifier response. The action 
of the vent is only apparent when the receiver is loaded : the 
hypothesis of an infinite receiver output impedance is thus 
adopted. Analysis of the distribution of static pressures in 
steady flow was carried out on a 10 times full size model of the 
vent (Fig. 3). The results demonstrate that it is indeed a vortex 
type flow with negative relative pressure in the central core. 

Earlier work showed that the dynamic behavior of vortex 
valves can be represented either by a first order system [9-11], 
or by a second order system [12, 13), according to the load 
and flow conditions. 

We carried out an analysis of the vortex flow in a free 
surface model [14]. The flow in the cylindrical chamber (1 m 
diameter) is the result of the interaction of a radial supply jet 
QA and a transverse control jet with a flow varying in steps of 
size Qc. Measurement of the angle 6 of the resultant jet was 
carried out by filming the development of the flow visualized 
by particles located on the free surface. 

A first order response was obtained and the dynamic im
pedance Zs of the vortex therefore is of the form : 

1 _ Ms = UZR 

Zs Ps 1 +ja>T 

where Ms and Ps are the complex amplitudes of the mass flow 
and the pressure difference across the vortex. ZR is the static 
impedance and T is the time constant which is dependent on 
the retention time Tf (ratio of the chamber volume to the total 
input flow) and on the swirl coefficient A defined as : 

N o m e n c l a t u r e 

G = 

/ 

instantaneous value 
average value versus time 
variation of G, about G 
dimensionless value of g 
amplitude of g 
static value 
Above nomenclature refers 
to the pressure P,, the mass 
flow rate M, and the 
velocity of jets U, 
CO'/2TT(HZ) 
height and width of 
channels 

slope of segment Mn„xMn 

of the jet velocity profile 
Strouhal number and 
modified Strouhal number 

(sr-s,*-—) 

T = time constant of the vent 
Ay0 = transverse displacement of 

the main jet 
U„ = dimensionless average 

velocity at point Mn of the 
jet 

AC/W = ideal variation of the jet 
velocity 

Z0 = characteristic impedance of 
the line 

Zs = dynamic output impedance 
Ps/Ms 

ZR = static load impedance 
a' = propagation factor of the 

line 
a,5,a,P = eigenvalues 

x>' = frequency (rad/s) 
to = dimensionless frequency u> 

Subscripts 
a = 

e,s = 

E = 

c = 

R = 

I = 

refers to atmospheric 
pressure 
refers to input and output 
sections of the line or to 
supply nozzle 
refers to the control jet 
refers to the control 
channel 
refers to receivers or the 
real part of a quantity 
imaginary part of a 
quantity 
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Fig. 3 Static pressure distribution in the model of the vent of amplifier 
(.. .lines are extrapolated from the general scheme and the wall 
pressure curve. Uncertainty in pressure: ±0 ,5 mb) 

/ Qc \ 
\OA+QJ 

it D 
(2) 

D being the chamber diameter and lc the width of the control 
nozzle. On the basis of experimental results, the following 
empirical equation was obtained : 

r=5 .71 7}X-'-35 (3) 

Further experimentation was performed [8] using a 5 times 
full size model of the amplifier receiver and in accordance 
with Fig. 2(a). Theoretical results were obtained using 
equations (1) and (3) and pneumatic line theory. They agree 
well with the experimental results (Fig. 4) when, due to their 
different physical roles, Tf is calculated from D0 (Fig. 3) and 
XfromZ),. T then equals 1.26 x 10 ~A sin the model. For our 
specific amplifier conditions, r equals 1.3 X 10~5 s. 

4 Dynamic Behavior of Interaction of Two Jets 

The interaction of two jets, as shown in Fig. 5, is such that a 
steady jet (supply jet) is controlled by a second jet (control jet) 
which is orthogonal to the first and acts in the area near the 
supply jet nozzle. If the control jet pulsates, the resulting jet is 
caused to oscillate. Experiments have shown that the trans
verse profiles of instantaneous velocities remain very near 
those of a steady jet [8]. The basic problem in determining the 
pressure inside a receiver located opposite the jet is the 
calculation of the instantaneous position y0 (x, t) of the jet 
axis. 

An experimental study of an oscillating jet was carried out 
by CRAYA et al. [15], [16], who associated the flow 
visualization with the measurement of velocities. The 
geometrical configuration of the interaction area consisted of 
a round edged nozzle, with the control signal being fed in just 
upstream of the curved wall. It is therefore probable that in 
addition to the control jet effect, there is also an attachment 
effect of the jet to the curved wall : this results in a deflection 
angle greater than that arising solely from the interaction of 
two momentums. Thus if one examines the transverse 
displacement amplitude of the jet axis, the - 6 db passband 
deduced from the results of these researchers corresponds to a 
Strouhal number S, of 0.3. This value is greater than the one 

of 5 
or 

— Theoretical curves (values of TO4T in sec.) 

o Experiments 

Z„ = 1.4 106FW*9 

200 400 1000 2000 
FREQUENCY IN Hz 

Fig. 4 Frequency response of the scale 5 model of the amplifier vortex 
vent (Uncertainty in \PsIPe I : ±2 percent at 200 Hz and ±4 percent at 
2000 Hz, and in phase: ± 10 deg) 

we obtained experimentally (0.1 in the transverse section x = 
2 ls). 

In a theoretical study of an oscillating jet made by KIR-
SCHNER [17], each particle is assumed to move in
dependently of neighbouring particles, movement being 
determined solely by the action of a transverse pressure 
gradient. This hypothesis allows accurate results to be ob
tained for the edge tone phenomenon but greatly overestimate 
the passband. Its theoretical value is about 10 times greater 
than the experimental value obtained in the cases of a water 
jet flowing in air [18] or a jet of air in air (present study). 

Basic studies relating to the existence and development of 
large structures are being carried out at the moment. The most 
recent methods are based on direct numerical processing of 
the Reynolds equations, but the results still remain limited to 
certain flow configurations [19]. The complexity of such 
calculations is a disadvantage when the phenomenon con-
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Fig. 5 Steady jet axis deflections and transverse velocity profiles 
(Uncertainty in velocities: ± 1 m/s and i n y : ±0 ,1 mm) 

cerned constitutes only one of the elements of the problem, 
which is the case in the interaction of two jets. Here, a method 
such as the hydrodynamic theory of stability would appear to 
be more appropriate. 

Theoretical Study. In the hydrodynamic stability method, 
the development of a small disturbance superimposed on the 
basic flow, characterized by the transverse profile of the 
longitudinal velocities, is studied. Thus it was possible to find 
the amplification conditions for a disturbance linked to a 
laminar jet assumed to be a parallel flow [20], [21]. In the case 
under examination the problem is more complex, partly 
because the jet is turbulent and partly because there is an 
"almost parallel" flow. When the jet is turbulent, new 
unknown factors appear in the equations and one has to use a 
closure method [23]. If one considers a flow which is almost 
parallel, the conventional method is to study the stability by 
locally replacing the real flow with a parallel flow : this then 
leads to a solution of the Orr-Sommerfeld equation. Works 
such as [24] and [25] have shown that the use of a multiple 
scale method allows the precision of the theoretical results to 
be improved, so that they become closer to experimental 
results. However, since it only represents a part of our 
problem, the use of such methods would appear unsuitable 
and we have therefore made the following assumptions: 

- the approximation of an "almost parallel" flow is used. The 
components u' and v' of the disturbance velocity can then be 
defined using the function valid for the two-dimensional 
Tollmienn - Schlichting waves : 

*(X, Y,T) = *( Y) exp [/(aX-8T)] 

Real ( — ) 
\ dY J 

v' = Real V dx I 

(4) 

of Dimensionless quantities are obtained using the width ls 

the slot and the emission velocity Us of the jet. 

- the turbulent character is implicitly taken into account by 
considering the real velocity profile, as measured in the 
various transverse sections X, of the steady jet. 

Due to the shape of these profiles (Fig. 5) we represent them 
by a discontinuous velocity profile (Fig. 6) which allows a 
simplification of the solution of Rayleigh's equation : 

/ - b \ / d 2 i , \ d2U 

Y2 

At each Mn point, the continuity of the disturbance 
transverse velocity v' and of the pressure gives the equations : 

Pl<*1 

Fig. 6 Scheme of the discontinuous velocity profile 

[$/ ( U— 5/a)] continuous at M„ 

~dY dY 
(O-S/a) dY J 

continuous at M„ 
(6) 

These conditions correspond to a discontinuous surface 
when the fluid is assumed to be perfect [26]. The discontinuity 
at M„ of (dtJ/dY) causes that of (d<&/dY) and therefore that 
of the component u'. This discontinuity depends on the slope 
difference of the segments at Mn and so decreases when n is 
increased. 

The general solution $„ of Rayleigh's equation is therefore: 

*„ =A„exp(oY) + 5 „ e x p ( - a Y) (7) 

and the boundary conditions : 

$ = 0and-~dY = 0 when Y — ± oo (8) 

Writing (6) at each point M„, we obtain a recursive system 
in relation to the coefficients A„ and B„ which depends on the 
eigenvalues a and 8. 

As the profile U (X,, Y) is symmetrical, this system can be 
written, taking E„ = exp (2 a Y„), as 

A*n + l=anA*+baB* 
(9) 

where: nt[l,N+l] ,U„ = U(M„) 

p„ slope of the segment M„_xMn 
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Fig. 7 Theoretical instantaneous velocity profiles ( and : 
extreme position during a period ; : discontinuous average 
velocity profile) 
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Fig. 8 Theoretical frequency response of the plane jet 
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b„ = (P„ + \-p„)/E„ = -c„ IE\ 

All the coefficients can be obtained as a function of one of 
them (here B{). The eigenvalue function is : 

A*N+2=B*N+2 (10) 

(For our problem, we choose an antisymmetrical disturb
ance : u' = 0 on the axis of the jet.) 

If we consider a temporal growing of the disturbance, the 
eigenvalue function is a polynomial in 5, of degree (N+ 1). In 
this case, a is real [a= a , wave number] and Sis complex [5 = 
a (CR +jC,), CR is the phase velocity and C, the am
plification factor]. These eigenvalues CR(a) and C/(a) are 
obtained from equation (10). 

Assuming that the reference axes move at the local phase 
velocity CR, the characteristics /?= a and co = 5 of a spatially 
growing disturbance can be calculated : 

C, 
#« = « (3,= -ct-

CR 

OJ=C* CR (II) 

where co is the disturbance frequency due to the pulsating 
control jet. 

Knowing these eigenvalues, equation (7) gives the eigen-
functions, and the velocity relative to the disturbance can be 
calculated, in particular the longitudinal component u' : 
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Fig. 9 Experimental frequency response of the plane jet : amplitude 
ratio (curves are theoretical ones. Uncertainty in UIMJld : ±3 percent at 
S( = 0, 02 and ± 10 percent at S/* = 0,2, and in S(* = ±5 percent) 

" - [ 
d $R d $ , 

cos((3 RX—U>T) ——sm(pRX— COT) dY dY 
e x p ( - M " ) 

(12) 

Figure 7 shows typical theoretical instantaneous velocity 
profiles for two transverse sections of the jet. The unbroken 
and dotted line curves correspond to the extreme positions of 
the jet during a period and the broken line curve is the average 
velocity profile used. 

The variation of amplitude U of the velocity at point 
Y]/2(U/ Us = 0.5) represents the extent of the deflection of the 
jet. Fig. 8 shows these variations and the corresponding phase 
lag. The use of a modified Strouhal number S*, defined as : 

S?=St.X=^-X (13) 
2irUs 

allows to gather the results for the deflection amplitude of the 
jet in the whole region of the potential core. But, this is not 
true when the phase lag is considered : the shape of these 
curves does not correspond to the shape given by a pure delay, 
whatever the propagation velocity examined (the values 0.5 
Us and 0.35 Us are experimental data referred to in the 
bibliography). However, the passband (signal attenuation of 
- 6db) corresponds to S* = 0.2, a value which remains 
practically constant throughout the potential core. 

Comparison With Experimental Results. The experiments 
were carried out by causing two free jets to interact (Fig. 5), 
one of these being steady and the other pulsating. The block 
diagram is shown in Fig. 2(b). Various ls widths (5.5, 9.5, and 
15 mm) and Us velocities (21, 28, and 42 m/s) were used. The 
maximum velocity UE of the control jet was kept at a constant 
value of 42 m/s. The pulsation frequency was in the range 
50 - 500 Hz. 

As the control jet was pulsating, the extent of velocity 
variation decreased along its axis EQ (Fig. 5), this reduction 
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Fig. 12 Theoretical frequency responses of each part of the amplifier 
(I, II, III) and of the entire amplifier (IV) 

being a function of the frequency and of the entrainment of 
the main jet. 

An initial study allowed the velocity at point fl to be linked 
to the velocity at the reference point E : for our purposes, the 
ratio between these velocities was in the range [1.27 ; 1.88] 
according to the value of US/UE [8]. 

The velocity probe was located at points A, B, C, D (Fig. 5) 
corresponding to the ordinate Yl/2 of the steadily deflected 
jet. These velocities were measured firstly using a steady 
control jet, whose velocity was successively the maximum and 
minimum values of the pulsating jet. The variation AVld is 
then taken as a reference value in order to normalize the 
measurements V obtained when the control jet is pulsating. 
Thus the ratio VI AVld is proportional to Ay0/UE, y0 being 
the instantaneous ordinate of the axis of the main jet. 

The velocities V, were displayed on an oscilloscope. 
Measuring their amplitudes, one obtains the experimental 
data given in Fig. 9. The agreement with theoretical curves 
(from Fig. 8) is acceptable : a good parameter for defining the 
amplitude attenuation of the jet oscillation is the number S*. 
So, whatever the transverse section X considered, the — 6db 
passband of the jet corresponds to S* = 0.2. 

On the other hand, Fig. 10 shows that the phase lag cannot 
agree with a constant phase velocity of the disturbance : it 
must increase with frequency. This was obtained in theory 
(Fig. 8) and was observed by Olivari [27]. Now, we can 
calculate the displacement amplitude Ay0R of the jet axis in 
the transverse section of the receiver entrance. The recovered 
pressure is obtained by integrating the dynamic pressure 
(pVj/2) in this section (Fig. 11). So, when small oscillation 
amplitudes are considered and if F (oi,X) is the transfer 
function U/AVId (Figs. 9 and 10), the amplitude PRe of the 
variation of the recovered pressure at the entrance of the 
receiver is proportional to [UEF{u,XR)]. The coefficient 
depends mainly on the characteristics of the pulsating control 
jet and on the real velocity profile of the main jet at a distance 
XR 8 /, from the nozzle. 

5 Frequency Response of the Analog Amplifier 

The transmission of signals in pneumatic lines is calculated 

according to the known relationship between the pressure and 
the flow rate complex amplitudes shown below ; 

M„ 

cosh(a'Z,) Z0sinh(a'Z.) 

s inh(a 'L) 
cosh (a L) Ms 

(14) 

When the line has a variable area, its length is divided into n 
parts to which equation (14) is applied [6]. 

Now, taking into account both the output impedance of the 
control channel due to the main jet, and the vortex branched 
from the receiver, the theoretical frequency responses of each 
part of the amplifier can be obtained. They are shown in Fig. 
12 (I : control channel; I I : jet interaction ; I I I : receiver ; IV : 
entire amplifier). 

An experimental study of the response of the amplifier was 
carried out as in the block diagram in Fig. 2(a). In order to 
work within the linear part of the amplifier static charac
teristic, the control signal amplitude was kept below 0.025 P* 
(P* : supply pressure of the main jet). The results are shown 
in Fig. 13, for two values of the amplifier load, and 
theoretical curves are also shown. They agree well, but they 
are improved when the output impedance Zs has a finite 
value, and the pass-band value remains accurately predicted. 

Due to the shape of the amplifier response curve, it would 
seem to be possible to represent it by a second order transfer 
function with a pure delay time : 

PRS 

Pr. 

ke-

1 + 
2? 

(15) 

s + 

with co„ = 10740 rad/s , £ = 0.25 and T = 1.56 10 4s. 
However it should be noted that this approximation is ac
ceptable because of the particular configuration of this 
amplifier, and only for frequencies considered here. In fact, 
as shown by the phase lag curve in Fig. 8 , the delay time 7" 
must be a function of the frequency and moreover the receiver 
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Fig. 13 Frequency responses of the A.E.L. amplifier. (Uncertainty in 
amplitude : ±2 percent at 200 Hz and ±4 percent at 2000 Hz, and in 
phase: ±10deg). 

response depends to a great extent on the position and im
pedance of the vortex vent. So an approximation of type (15), 
such as would be obtained using a lumped parameter system, 
is not sufficiently general. 

7 Conclusion 

Although different types of flow appear when the amplifier 
is dynamically operating, the results so obtained show that the 
linear theory of lines and jet interaction allow the frequency 
response of the amplifier to be predicted accurately. If one 
takes into account the difficulties encountered in measuring 
such flows, the agreement between theory and experiment is 
satisfactory. One can deduce from these results that a slight 
modification in the shape of the vortex vent would give a 
flattened curve in the amplitude ratio up to 2000 Hz, which 
would be an excellent characteristic for a pneumatic com
ponent. 

The theoretical model was obtained by applying results 
which are also very useful in other projects. The study of the 
dynamic behavior of the water vortex valve and the general 
formula giving its time constant can be applied to any similar 
flow, for example, to jets flowing into reservoirs. 

Furthermore, the agreement between the experimental 
results for the oscillating jet and those obtained using the 
small disturbance method is encouraging. However, the jet 
frequency response constitutes only one of the aspects of its 
dynamic behavior. Further studies, particularly in the ex
perimental field, are required to increase knowledge of the 
interaction between an external excitation and the natural 
structure of the jet. 
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Matched Impedance to Control 
Fluid Transients 
A methodology for the use of passive elements for transient control in pipelines is 
outlined. The specific objective is the elimination of pressure fluctuations in a fuel 
delivery line that are created by fuel injector operation. This is accomplished by the 
appropriate sizing of resistance elements upstream and downstream of the fuel 
injection system in the delivery line such that no pressure wave reflections occur in 
the system. The concept of matching the resistance element to the characteristic 
impedance of the fuel delivery system is described and applied to orifice and 
laminar flow elements. Experimental evidence is presented to validate the concepts. 

Introduction 
Control of pressure transients in closed conduits may be 

important in a variety of different fluid systems. Reduction in 
pressure fluctuations may be necessary to avoid failure, to 
improve the efficiency of operation, to avoid fatigue of 
system components, or to reduce undesirable noise or 
vibration problems, among other reasons. Unsteady flow is a 
natural consequence of required operating procedures or 
accidental events in many situations. The control of this 
unsteady flow to avoid detrimental effects is a challenge to 
fluid system designers. Quite commonly active elements such 
as relief valves, rupture disks, or control valves are designed 
to aid in the system control. In other cases more passive 
elements such as surge tanks or accumulators are useful. The 
prespecification of operating procedures for control devices in 
systems in which unsteady flow may be undesirable has been 
addressed under the topic of valve stroking [1], This 
procedure leads to relatively sophisticated control operations 
to achieve the objectives. 

This study addresses the design and use of a passive element 
to provide the desired control to the system. It is based upon 
the well-known principle, in electrical [2], acoustical [3], 
mechanical [4], and hydraulic [5-12] systems of matched 
impedance. However, it is not a principle that has been ap
plied broadly or advantageously in hydraulic systems. The 
specific application is the control of transients in the fuel 
delivery lines of an automobile electronic fuel injection 
system. The objective of transient control is to maintain the 
pressure in the fuel delivery lines reasonably constant such 
that equal and appropriate quantities of fuel are delivered 
during each injection cycle. Transients are generated during 
each injector operation; it is highly desireable to damp or 
remove the resulting pressure fluctuations prior to the next 
sequential operation. The ultimate goal is to improve ef
ficiency of fuel consumption by providing an environment 
with controlled fuel distribution. 

Control is accomplished by installing a flow restricting 
device at appropriate locations in the fuel delivery line. Two 
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such impedance devices are considered: an orifice plate, and a 
bundle of capillary tubes. These are sized to eliminate 
pressure reflections in accordance with theory presented 
herein; their design is primarily a function of the fluid and 
fuel line properties. The capillary bundle would be the most 
suitable for a general application, although large pressure 
drops across the bundle at high system flow rates may restrict 
the practical implementation of such a transient control 
scheme. On the other hand, an orifice type of restrictor can be 
used to advantage when the transient behavior consists 
primarily of operating at defineable pressure levels with only 
two different flow rates. Although the types of control 
described herein may not be applicable to many transient 
problems, there are likely to be a wide variety of potential 
applications for the concept. 

Methodology 
The matched impedance concept can be described as an 

installation of a flow restriction in a line so that pressure 
pulses arriving at the restriction are not reflected. This is 
accomplished by sizing the restriction to the physical 
characteristics of the flow system, including the fuel 
properties. Consider a transient which is a simple step increase 
in pressure that passes through an originally steady flow 
system, in which losses (except for the flow restrictor) can be 
neglected. This pressure rise, AP, results in an increase in 
volumetric flow rate, AQ, of 

AQ=AAP/pa (1) 

according to basic waterhammer analyses [10], in which A = 
pipeline cross-sectional area, p = fluid mass density, and a = 
wave propagation velocity. The quantity Z = pa/A is the 
characteristic impedance of the pipe. This pressure pulse 
propagates through the system until it arrives at the flow 
restrictor where it will be modified. The modifications oc
curring for an orifice and a capillary bundle will be discussed 
separately. 

Orifice Restrictor. The relationship between pressure and 
flow is assumed to be given by a steady state orifice equation 

Q=KA^2(P-Pd)/p (2) 
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whereK - Cd /Vl - / 3 4 (Cd is the discharge coefficient and /3 
is the ratio of orifice to line diameter), A0 = the orifice area, 
and P — Pd = the pressure difference across the orifice with 
assumed constant downstream pressure Pd. Orifice equations 
can be written for the original steady state condition 

Q0 = C-JP0-Pd 

and for the increase flow rate 

Q0 + AQ = C^P0 + AP-Pd 

(3) 

(4) 

in which Q0 and P0 refer to the original steady conditions, 
respectively and C = KAnv2/p. 

The latter equation is valid only for no reflections at the 
orifice. Combining equations (1), (3), and (4) allows the 
quantity C to be computed, for example, if all other 
parameters are specified. 

C=V(2Q0 + A e ) / Z (5) 

This defines the orifice condition to prevent reflections in this 
system when operating at the indicated pressure level and flow 
rates and subjected to the designated pressure and flow 
changes. 

A graphical representation of the concept is also helpful 
and is given in Fig. 1(a). The dashed line represents the orifice 
relationship, equation (2), and the solid line illustrates 
equation (1) and the characteristic impedance. For a given 
orifice, uniqueness of the flow conditions to provide a zero 
reflection is easily visualized in the graph. The orifice 
provides a matched terminal impedance with the conditions 
shown in Fig. 1(a). Clearly the slope of the orifice curve in the 
vicinity of the operating conditions, relative to the charac
teristic impedance, dictates the degree of success in achieving 
a reflectionless response. Although a perfect match of con
ditions yields no reflection in the frictionless system, often less 
perfect matching conditions provide a satisfactory level of 
performance. Numerical calculations can predict the actual 
performance for a particular situation. 

The pressure downstream from the orifice must be held at a 
constant level in order for the above relations to be strictly 
valid. Moody [13] considers the case of reflections from an 
orifice in a pipeline with no initial throughflow. His analysis 
can be extended to include cases with flow; that particular 
problem is not the focus of the present investigation and is not 
considered in detail herein. The implications for the above 
analysis relate to the need of supplying an accumulator or 
other storage device downstream from the orifice to maintain 
a constant external pressure. Moody shows that for small 
values of the ratio AP/(CZ)2 (e.g., less than about 0.1) the 
reflected pressure rise is very small. Extending this reasoning 
to a system with throughflow implies that it may not be 
necessary to provide a storage device (and constant external 
pressure) in certain instances while still avoiding major 
pressure reflections in the system. Also, other options such as 
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providing a larger line or a flexible line downstream from the 
orifice will serve to provide line storage to mitigate reflec
tions. 

In cases that require large volumetric throughflow at high 
velocities, viscous losses may be important in the pipeline. In 
these cases a perfect match is not possible with the simple 
orifice, since a phase shift would be required to match the line 
characteristic impedance. 

Capillary Bundle Restrict or. This type of restriction is 
characterized by a linear relationship between flow rate and 
pressure change: 

AP=RAQ (6) 

This relation assumes inertial effects during unsteady flow in 
the tube bundle to be unimportant, and it neglects entry length 
effects. That is, it assumes the existence of steady fully 
developed laminar flow. A comparison of equations (1) and 
(6) yields the following condition for zero reflection 

R = Z (7) 

which implies that the results are independent of Q0, AP, and 
P0. This can also be seen readily in the graphical plot in Fig. 
1(b), as any choice of these flow variables will result in no 
reflection once the restrictor has been sized to the fluid and 
pipe characteristics. Since viscosity is a function of tem
perature, this would have some influence on the matching 
conditions for a given flow system, but small deviations from 
the matched condition will result in minimal pressure 
reflections. 

Demonstration of Concept 

Experimental and numerical simulations have been con
ducted to verify the matched impedance concept. These 
systems constructed by Bendix Research Labs were portions 
of studies of fuel injection systems. 

Separate experimental configurations were used for the 
orifice and capillary bundle restrictors; each system and 
results will be described separately. In addition, mathematical 
modeling of the physical systems was accomplished using 

N o m e n c l a t u r e 
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numerical simulation based on the method of characteristics. 
Since the method is well documented in the literature (e.g., see 
Wylie and Streeter [1]), the details of the numerical 
simulations will not be repeated here. The boundary con
ditions required in each simulation will be discussed below 
along with the description of the physical system. Friction 
effects were included in the numerical simulations, but were 
found to have a relatively unimportant role in the results. For 
more details of the actual simulations, see Wright and Wylie 
[14]. 

Orifice Restrictor. The physical apparatus was an 
idealization of the delivery line for an electronic fuel injection 
system; a schematic is presented in Fig. 2. The apparatus 
consisted of a circulating flow system with an electronic fuel 
injector mounted as indicated in the figure. Orifices intended 
as the matched impedance devices were located at the up
stream and downstream ends of the section where transient 
control was desired. 

Accumulators were installed adjacent to each orifice and 
outside the experimental section to provide constant external 
pressures. The injector pulse duration and frequency were 
adjustable with typical pulse width of 5 msec and frequencies 
of 20 Hz used in the experiments. The experiments were 
performed with Stoddard Solvent (specific gravity of 0.77 and 
kinematic viscosity of 1.17 X 10 ~6 m2 /s at 25°C) as the 
working fluid. The pressure wave speed was estimated to be 
1200m/sec from examination of pressure records obtained 
from the system and measured line lengths. Two flush 
mounted pressure transducers located directly above the 
injector and 15 cm upstream from the downstream orifice 
were used to monitor the transient response of the ex
perimental system to the injector operation. These pressure 
traces constitute the results obtained to verify the matched 
impedance concept. 

Accumulator 

Accumulator 

.Pump 

Injector transducer 

0.276m A 0.254m 

Theoretical Description. Since viscous losses along the 
pipeline are minor compared with losses at the terminal 
orifices, it can be assumed that the flow delivered with the 
injector opened is derived equally from the pipeline upstream 
and downstream of the injector. This assumes a total through 
flow Q0 in the system with the injector closed of greater value 
than one-half the injector flow 2AQ so that, there would be no 
flow reversal in the line. The transient behavior in the fuel rail 
during fuel injection is described by equation (1), AP = ZAQ. 
Flow through the orifices and injector are assumed to be 
described by a steady flow orifice equation with coefficient C 
= KAQ42/P. The following relations are obtained: 

Fuel injectors 

Upstream Orifice 

Downstream Orifice 

2AQ = C,^(P0-AP)^F, (8) 

Q0 = Cuy[P^Pa (9) 

Qo + *Q=Cu-JPu-(P0-£P) (10) 

Qo = CD«fP^P~D (11) 

Fig. 2 

Lines shown are 0.775cm I. D 

all others are 0.793 cm 1.0. 
Schematic of experimental apparatus 

Q0-AQ=CDJ(P0-AP)-PD (12) 

Here P,, PUt and PD refer to the pressures, assumed constant, 
outside of the injector, upstream, and downstream of the 
orifices, respectively, while C,, CUt and CD correspond to the 
coefficient C defined above for those devices. 

With the waterhammer relation in equation (1), there are 
six independent equations and eleven variables. In general, 
five variables (such as the injector flow rate, discharge 
coefficient, the injector delivery pressure and two other 
variables) can be arbitrarily specified. In the experimental 
apparatus, the injector discharge coefficient, delivery 
pressure, and the pipeline size were fixed. With given up
stream and downstream orifices, the remaining operating 
conditions can be computed to arrive at the matched flow 
condition. Of course, it is possible that the computed 
operating conditions are not physically feasible. 

A pair of orifices were measured to have Cy = 3.00 x 
1 0 - 8 a n d C D = 1.78 x 10~8m7 / 2kg- ' / 2 for the upstream and 
downstream orifices, respectively. Along with the measured 
injector coefficient of C, = 1.23 x 10~8m7 / 2kg- ' / 2 , at
mospheric pressure at the injector outlet, and Z determined to 
be 1.99 x 1010N • s/m5, the remaining conditions required 
for a matched impedance condition were computed: 

P0 = l -008xl0 6Pa 

AP=1.16x l0 5 Pa 

8rr7 /Z kq~1/Z PD = 0.876 xlO6 Pa 

1.034 x l0 6 Pa 

J l V( 

Pressures are relative to 
steady state levels 
J l_ _L 

0.2 0.4 0.6 0.8 1.0 1.2 1.4 
TIME (x 10 sec) 

Fig. 3 Matched impedances, laminar flow 
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The various orifices and transducers were calibrated prior 
to the experimental investigation. Sample standard deviations 
for pressure transducer calibration factors ranged from 1-2 
percent and for the orifices and injector, the discharge 
coefficient determinations had sample standard deviations of 
less than 2.5 percent. Errors in pressure wave speed are 
probably due primarily to errors in determination of pipeline 
length and are assumed to be small. 

Figure 3 shows the result of the experiment performed for 
approximately these conditions and also includes the results 
of the numerical simulation. A similar result for the same set 
of orifices with an arbitrary operating condition and no at
tempt to match impedances is presented for the sake of 
comparison in Fig. 4. The steady pipe flow Reynolds number 
for the matched impedance condition is approximately 1400 
and in the laminar flow range. Although the orifice diameters 
were not measured accurately, the Reynolds number based on 
flow through the orifice is approximately 105. An additional 
experiment was performed with the pipe flow in the turbulent 
range and is given in Fig. 5. 

These results clearly demonstrate the validity of the 
matched impedance concept. The two experiments with 
matched impedances (Figs. 3 and 5) clearly show very little 
wave propagation in the system once the initial • transient 
reaches the orifices while the unmatched case (Fig. 4) shows 

several distinct pressure pulse reflections. Since the un
matched case is a set of arbitrary operating conditions, it 
should not be considered a typical case, only representative of 
the sort of results that may occur. The pressure variations 
remaining can be attributed to two causes: failure to exactly 
attain the matched condition; and the fact that matched 
conditions can be achieved with an orifice restrictor only at 
two specific flow rates. This latter consideration implies that 
unless a true square wave is generated by the fuel injector, the 
portions of the pressure wave associated with opening and 
closure of the injector will not be completely removed by the 
orifices. This influence can be readily seen in the numerical 
simulations but is insignificant in comparison with the 
pressure waves that are reflected in the unmatched condition. 

Laminar Restrictor. The test apparatus was developed by 
the Bendix Corporation [15] for the purpose of demonstrating 
the matched impedance condition and is indicated 
schematically in Fig. 6. Prior to the initiation of the transient, 
there was no flow in this system. A S.I.G.M.A. fuel injection 
pump operating at a frequency of 10 Hz was used to generate 
the pressure waves, and a check valve was installed down
stream from the pump to prevent backflow. An accumulator 
was placed just downstream from the impedance device to act 
as a constant pressure reservoir at the downstream end of the 
system. The impedance device was two Brunswick Laminar 
Restrictors in series; each one is .305 cm long with ap
proximately 5500-0.005 cm diameter holes. A fixture with 
spacer rings was constructed so that the flow opening could be 
sized to obtain the correct laminar impedance. The working 
fluid was Viscor with a specific gravity of 0.825 and a 
kinematic viscosity of 2.77 x 10"6 m2 /s at 38°C. Pressure 
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transducers were installed at the upstream end of the system 
and 0.15 m upstream and downstream from the laminar 
restrictor. 

The characteristic impedance of the delivery line was 
estimated to be 5.30 x 10'°N»s/m5 and spacer plates were 
placed over the ends of the laminar restrictor to attempt to 
provide the same impedance through the termination device 
by adjusting the number of flow openings. The restrictor 
impedance is obtained from 

128 vLp 
AP= f A Q (13) 

where v is kinematic viscosity and L, N, and D are length, 
number, and diameter of the openings in the flow restrictor. 
The Hagen-Poiseuille equation was used here with entrance 
length effects and any unsteady inertial effects ignored in the 
formulation. In practice, these influences represent 
limitations to the application since they represent nonlinear 
impedance behavior. In this application the fluid inertance, 
L', and resistance, R', for the capillaries leads to a time 
constant, r, as follows. 

L ' = 
pL 

A 

R' 
32 pvL 

All1 

R' 

(14) 

(15) 

(16) 

The numerical value of T for the given data is approximately 
28.2 microseconds. With fuel injector pulses ranging from 
1000 to 5000 microseconds, and solenoid valve response times 
of the order of 500 microseconds the inertial effects in the 
capillaries should be negligible except perhaps with some 
minor influence during valve operation. 

The actual flow impedance was determined by calibrating 
pressure drop versus flow rate. The observed relation was 
found to be slightly nonlinear. Individual measurements were 
within 15 percent of the estimated impedance in the range of 
pressures considered in this study with the largest discrepancy 
at small pressure rises. The characteristic impedance was 
adjusted to account for variations in viscosity with tem
perature in the interpretation of results obtained on the ap
paratus. The uncertainty in the impedance estimate dominates 
all other sources of experimental error. 

The output from the upstream pressure transducer during 
pump operation was used as the upstream boundary condition 
in the numerical simulation during the pressure wave 
generation, with zero flow during the remainder of the cycle. 
The downstream boundary condition was the laminar 
restrictor with a constant back pressure of 1.38 x 106 Pa on 
the downstream end; this was maintained in the experimental 
apparatus to prevent any possible cavitation. The results of an 
experiment and the corresponding numerical simulation are 
presented in Fig. 7. 

For the sake of comparison, the same experimental con
ditions with larger number of capillary openings in the flow 
restrictor is presented in Fig. 8. The negative wave reflected 
from the laminar restrictor causes the apparent decrease in 
pressure at the downstream transducer. An incorrect estimate 
of the pressure wave speed may be the cause of the small shift 
in the timing between the measured and computed pressures at 
the downstream end. This also affects the computed value of 
Z. Although a pressure wave is reflected back to the upstream 
end of the system for the matched case, it is smaller in 
magnitude than for the unmatched case and clearly 
demonstrates the matched impedance concept. The fluc
tuations remaining for the matched case are most likely due to 
entrance length and inertial effects as discussed above. The 
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Fig. 8 Unmatched laminar flow restrictor 

impedance device showed a slightly nonlinear pressure versus 
flow rate relationship in the laminar flow range during 
calibration so an exact impedance match would not be ex
pected. However, a significant amount of transient control 
has been accomplished; it represents a large improvement 
over what would be expected from a simple reservoir at the 
downstream end. 

Summary and Conclusion 

A method for the control of pressure transients in a simple 
hydraulic system has been presented and experimentally 
verified. Two different flow restrictors were used to obtain a 
matched impedance termination: an orifice plate and a 
capillary tube bundle. Each must be sized to the pipe and fluid 
characteristics; the orifice size is also determined by the fluid 
flow rates. The orifice termination can be used when the 
transient basically consists of going from one flow state to 
another as it can be matched only at two specific flow rates. 
This is likely to limit its potential application in complex 
hydraulic systems where the flow may take on various 
transient states. An additional comment is that if line friction 
is sufficient to modify the pressure wave, it is more difficult to 
determine the matched impedance condition. For example, in 
the experimental apparatus discussed above, the upstream 
and downstream flow distribution in a system with large 
friction would be more difficult to obtain. On the other hand, 
the laminar termination device will work at any combination 
of flow rates and therefore is more general in its application. 
Variations in fluid viscosity due to temperature or other 
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effects may prevent attainment of matched conditions in some 
applications. 

One difficulty associated with some potential applications 
is that pressure losses through the termination devices may be 
excessively large in order to obtain the matched condition. 
This would be especially true with the laminar device, and 
may represent a significant restriction upon its application to 
certain problems. However, in applications such as fuel in
jection systems, where pressure losses are not critical and 
transient control aspects are important, the matched im
pedance concept should prove to be a practical method for 
achieving the desired degree of control. 
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Calculation of the Vibration of an 
Elastically Mounted Cylinder Using 
Experimental Data From Forced 
Oscillation 
Several methods for investigating the fluid-structure interaction of bodies vibrating 
due to vortex shedding are compared briefly. The advantage of employing a forced-
displacement excitation method is asserted. This method has been adopted to 
measure the response of the fluid forces acting on an oscillating circular cylinder in 
crossflow. With the results of these measurements, and a calculation based on the 
assumption of sinusoidal motion, the vibrations of a freely oscillating cylinder are 
predicted in the lock-in range. It is shown that hysteresis effects, which are observed 
in experiments with elastically mounted cylinders of certain damping and mass 
ratios, are caused by the nonlinear relation between the fluid force and the am
plitude of oscillation. 

Introduction 
This paper deals with the vibrations of structures caused by 

vortex shedding. In a flowing fluid, vortices are shed alter
nately from either side of a body, and the resulting changes in 
circulation around the body lead to fluctuating forces. If the 
frequency of this regular shedding coincides with one of the 
structural eigenfrequencies, large vibrations will occur. In the 
lock-in range the oscillation of the body takes control of the 
shedding, and the feedback of the affected flow-field may in 
turn reinforce the vibration. Many applications in which 
structures are exposed to a flowing fluid result in vortex in
duced fluid-structure interactions. 

Extensive investigations of vortex shedding have been 
carried out in the field of building aerodynamics. However, it 
is not only bluff bodies which are subject to vortex-induced 
vibrations: vortex shedding also occurs at the trailing edge of 
streamlined profiles. Thus Chaix [1] and Grein [2] have 
reported that guide and stay vanes of hydraulic machines may 
vibrate and be damaged. 

The most frequently investigated geometry is the circular 
cylinder because of its simple geometry and for the following 
physical reason: the vortex shedding behind the circular 
cylinder is very pronounced with no superposition of other 
effects such as galloping. 

Three different ways of investigating fluid-structure in
teractions may be considered: 

1 The method of the elastically mounted cylinder in 
crossflow, which is easy to perform, has often been applied 
[3, 4, 5, 6, 7, 8], The amplitudes of vibration and the effects 
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of resonance are investigated. The main parameter for these 
measurements is the flow velocity. Further parameters are the 
mass, stiffness, and damping of the mechanical system. 
Figure 1 shows an elastically mounted cylinder which is 
spring-supported and connected to an element with viscous 
damping. The disadvantage of this technique is that the 
mechanical system is coupled with the fluid-dynamic system, 
as shown schematically in the block diagram of Fig. 1. 

The equation of motion of the mechanical system can be 
written as follows: 

mx+dx+cx=F(t) (1) 
The time record of displacement is practically sinusoidal in 
the lock-in range for the steady state, as reported by many 
researchers [4, 5, 7]. 

2 A second method feeds additional energy from outside 
to the system of the elastically mounted cylinder [9, 10, 11,12, 
13]. This is shown schematically in Fig. 1 with the external 
force [FEx] in brackets. With this external force it is possible 
to investigate ranges where the fluid has a damping rather 

^xi*i 

Fit) 

Ji.<t> 

FEX = external f 
of force e 

mechanical 
system 

fluiddynamic 
system 

fv 
orce in the case 
xcitation 

X t) 

Fig. 1 The elastically mounted cylinder in crossflow and force-
excitation 
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Fig.2 Forced displacement·excitation

than an exciting effect. This method can be called the force
excitation method.

3 The method of forced displacement-excitation [14, 15,
16] was adopted for the present investigation. A hydraulic
actuator, as shown in Fig. 2, was chosen as the drive. The
device is stiff enough to avoid any feedback of the fluid
dynamic forces on the motion of the cylinder. With this
method the fluid forces can be measured as a function of a
prescribed motion xU).

The relationship between the time records of the motion
and the time records of the fluid forces is determined by the
physical processes in the wake. Therefore all three methods
should show the same relationship for a sinusoidal time
record of displacement. In these comparisons, special at
tention has to be paid to the hysteresis loops, which are ob
served at the ends of the lock-in range in the case of the
elastically mounted cylinder [3, 4, 8]. According to Parkinson
[17] a nonlinearity in the fluid system is the cause for this
double amplitude response. The nonlinear response of the
fluid system to a given transverse oscillation can best be in
vestigated with the method of forced displacement. In this
paper, the results of such measurements (block diagram of
Fig. 2) are inserted into the coupled system of the elastically
mounted cylinder (block diagram of Fig. 1) in order to
describe the fluid-dynamic system. In this way the amplitudes
of the linear mechanical system can be predicted. Such
calculated values are compared with measurements carried
out by Feng [4] (see also [18]) who investigated the freely
oscillating cylinder in a wind tunnel.

The present work may be regarded as a continuation of
Sarpkaya's investigation [16] in which the amplitudes were
predicted of elastically mounted cylinders at the critical point
where the maximum amplitudes occur. Sarpkaya's
calculations are based on different assumptions from those
which lead to equations (10) and (11) of this paper.

Fig. 3 Photograph with the towing trolley, the hydraulically driven
shaker mechanism and the test·cylinder

This technique has the following advantages: water at rest is
free of turbulence; the towing velocity is constant with an
accuracy of ± 0.01 percent; the fluid forces acting on the
cylinder surrounded by water are greater than the mass forces
of the oscillating cylinder.

The towing trolley and the hydraulically driven shaker
mechanism are shown in Fig. 3.

Three-dimensional flow effects, as described by Gerrard
[19], were largely suppressed with end plates at both sides of
the polished cylinder. The fluid forces were measured with a
specially developed measuring device of high stiffness (Quartz
transducers) and good accuracy « ± 1070) installed in each of
these end plates. The signals measured were stored on
magnetic tape and analyzed by a digital computer.

The Forced Oscillation Experiment

The following parameters were varied during the
measurements: Reynolds number (Re = 2.104 - 3.05);

oscillation amplitude (£ =0 - 0.8); oscillation frequency
(So = 0.09 - 0.36).

The harmonic motion of the shaker mechanism can be
described in terms of its displacement

v---

Experimental Arrangement and Measuring Technique

The experiments were performed in a towing tank with
1m x 1m cross section and a length of about 40 m. The
measuring equipment was installed on a towing trolley, which
has a maximum speed of 5 m/s.

xU) ==xcos(wot) (2)

The non-dimensional cylinder displacement amplitude is

A X
~= D' (3)

the dimensionless oscillation frequency is defined as

____ Nomenclature

a modified mass ratio Re Reynolds number
c stiffness, N/m SNO Strouhal number for the WI1 natural angular frequency,
V flow (towing) velocity, mls nonoscillating body lis

CL lift coefficient So Strouhal number for the Wo angular frequency of the
CLO lift coefficient at the oscillation frequency oscillation, lis

oscillation frequency t time, s WK angular frequency for
CLK lift coefficient due to non- x displacement lateral to the shedding of Karman vortices,

synchronized Karman vor- flow,m lis
tices {j damping ratio Q = Strouhal frequency ratio

d viscous damping, Ns/m ~ dimensionless displacement
D cylinder diameter, m tf> phase angle, deg Superscripts

F force, N PPj ,fluid density, kg/m 3 amplitude
m = mass, kg Peyl cylinder density, kg/m 3 ( r = derivative
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Sn = 
Q>QF 

2-KV 
(4) 

(5) 

and the Strouhal number of the nonoscillating cylinder as 

bN0 ~ 2vV 

Spectral analysis of the lift force showed that two lift 
coefficients have to be accounted for. One peak in the power 
spectrum appeared at the frequency of the oscillation (o>0), 
and a second (o>K), at approximately the frequency of vortex 
shedding in the nonoscillating case. Only when the oscillation 
frequency was very close to the frequency of vortex shedding 
for the nonoscillating cylinder, did the second peak (CLK) 
diminish in size and progressively disappear. Values of the lift 
coefficients were extracted from the power spectra, whilst the 
phase difference <j> was determined by means of the cross 
spectrum of the lift force and the acceleration. Higher har
monics may be neglected due to the low values of their am
plitudes. Thus the lift coefficient can be described with the 
following two terms: 

CL(t)= CLOcos(o)0t + 4>) + CLKcos(oiKt) (6) 

The lift coefficient CLK(t) has its origin in the Karman 
vortices, which are not synchronized with the oscillation. In 
the case of the nonoscillating cylinder only the lift coefficient 
CLK(t) appears. 

The lift coefficient CL0(f) oscillates with the same 
frequency as the cylinder motion. The phase angle <j> gives the 
phase shift between the displacement x(t) and the lift 
coefficient CLO (t). 

The lift coefficient CLO is displayed in a three-dimensional 
plot in Fig. 4 for a constant Reynolds number of 6«104. The 
coefficient CL0 is plotted against the dimensionless oscillation 
frequency S0 and the dimensionless amplitude | . This plot is 
based on measurements of the forces acting on an oscillating 
circular cylinder in crossflow which arejmblished in reference 
[20]. The highest value measured was CL0 =3.52 for | = 0.74 
and S 0 =0.17. The measured area is displayed with full lines 
and basically covers the range from S o =0.14 to S o =0.18 , 
which is the important range for the calculation of elastically 
mounted cylinders. The measured points have been in
terpolated with bicubic Spline-interpolation [21]. Points 
outside the measured range have been roughly estimated with 
the theory of the displaced mass (interrupted lines) in order to 
complete the picture. The measured coefficients have the same 
order of magnitude as Sarpkaya's [16] at slightly different 
Strouhal numbers. The Strouhal number of the nonoscillating 
cylinder in the experiments of Sarpkaya is 0.21 whilst in the 
present investigation SNO was 0.18 in the range of Re = 4»104 

to8-104 . 
In a second three-dimensional plot (Fig. 5), the phase angle 

between the acceleration and the lift coefficient CL0 is 
displayed. Again additional points (interrupted lines) have 
been estimated in order to complete the picture over the whole 
area. These points have no physical meaning and are not used 
for the calculations. It should be noted that the phase angle is 
not defined in the case of the nonoscillating cylinder ( | = 0). 
For phase angles between 0 and 180 degrees there is an energy 
transfer from the fluid to the cylinder, whereas the fluid 
extracts energy if the phase angle is smaller than 0 or greater 
than 180 degrees. The sharp drop in <j> for S 0 =0 .14-0 .17 
determines the range of fluid-excited vibrations of the freely 
oscillating cylinder. 

Calculation of the Vibration of the Elastically Mounted 
Cylinder and Comparison With Measurements of Feng 

The equation of motion of the elastically mounted cylinder 

Fig. 4 The lift coefficient C|_o versus the dimensionless oscillation 
frequency S 0 and the dimensionless amplitude | for a constant 
Reynolds number Re = 6-104 (Mean uncertainty within the measured 
range in 6 L 0 = ± 0.02, in f = ± 0.01, in S Q = ± 0.001) 

Fig. 5 The phase angle 0 versus the dimensionless oscillation 
frequency S 0 and the dimensionless amplitude | for a constant 
Reynolds number Re = 
range in $= ±3deg) 

6-104 (Mean uncertainty within the measured 

(1) can be written in nondimensional form according to 
Hartlen and Currie [22] as: 

°£+8\ + Z = aQ2CL (7) 

where: 

S/vo 

o)„ dt 
0 = 

5 = wn 
1 

2TTV 

PF\ 

w„m c 2iriS%0 pCy, 

The motion £(r) of this system is nearly sinusoidal. 
Therefore the lift force for exact sinusoidal motion, as in
vestigated in the last paragraph, gives a good approximation 
of the lift force acting on a freely oscillating cylinder. In
serting equation (6) in equation (7) gives 

°£+d\ + Z = an2(CLOcos(u0t + </>) + CLKcos(uKt)) (9) 

The occurrence of a second lift coefficient at a different 
frequency may appear to be at variance with the assumption 
of nearly sinusoidal motion £(0- Because of the linearity of 
the mechanical system any frequency appearing on the right 
side of equation (8) must also appear in £ ( 0 - Since we will 
investigate mechanical systems with low damping, which have 
a sharp resonance peak, an exciting force with a frequency 
near the eigenfrequency of the system will have a much larger 
influence than one which is outside the region of the 
resonance peak. Therefore the second term of the lift force, 
the lift coefficient CLK, will not have strong influence on the 
motion £(r) . This is also the reason why Kobayashi [8] and 
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— calculated response 
A Feng's measurements 

a = 0.00166 
S = 0.00288 
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Fig. 6(a) The response of the elastically mounted cylinder 
In crossflow tor weak damping 

— calculated response 
A Feng's measurements 
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6 = 0.00712 
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Fig. 7(a) The response of the elastically mounted cylinder 
in cross-flow for strong damping 

Fig. 6(b) The phase angle 4, in the range of lock-in Fig. 7(b) The phase angle 4> in the range of lock-in 

others have observed a beat in the lift force CL but not in the 
oscillations of the cylinder. 

This legitimizes the setting of CLK = 0 in equation (7) and so 
obtaining with £ = | cos(o>0/) for the steady state, the same 
equations as deduced by Hartlen and Currie [22]. 

t(l ~ -^T-) =«fl2CL O(£S0)cos<MiS0) 

bk— =tffi2C£0($,So)sin<M£,So) 

(10) 

(11) 

with 

S0 = 
2-KV 

These two equations give implicitly the function £(Q,a,S) and 
u0(ti,a,S), where a, d are the parameters of the mechanical 

system. The oscillation amplitude £ and the oscillation 
frequency co0 are obtained numerically using the Spline-
interpolated values for CL0 and 4>. 

For the calculation of the elastically mounted cylinder the 
parameters of the mechanical system, a and 5, were taken 
from Feng's experiments [4]. In Fig. 6 and Fig. 7, the results 
of the calculations are displayed as a function of fl (curves) 
and compared with Feng's data (points). 

The results of experiments with freely oscillating bodies are 
commonly displayed as a function of the reduced velocity. 
Since the Strouhal number SN0 differs slightly from ex
periment to experiment [23, 24], the parameter fi permits a 
better comparison of the results. For instance Feng measured 
a Strouhal number Sm =0.198 at a Reynold number 
Re = 2-104 while the present author found SN0 =0.180 at 
Re = 6»104. The following relation exists between U and the 
reduced velocity: 
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V 
Q=U2rSNO where U=—- (12) 

or 

Q=VrSN0 where Vr = ^ - (13) 

Figure 6 shows the results of the calculation with mechanical 
damping 5 = 0.00288. In Fig. 6(a) the oscillation amplitude £ 
is plotted against Q. The maximum oscillation amplitudes 
occur at fl=1.2. For Q between 1.0 and 1.2 there is good 
agreement between the calculation and the measurements, and 
both show the same trends for larger fl. The hysteresis effect 
of the measurement with the double amplitude response 
corresponds to the range in the calculation where multiple 
solutions occur for the same Q. Since the stability of the 
solutions was not investigated, it might be thought that not all 
calculated solutions are physically stable in that range. 

For larger values of A, the calculated curve shows con
siderably smaller oscillation amplitudes than those of Feng's 
measurements. A part of the explanation might be that the 
neglected term CLKcos(uKt) of equation (9) has an increasing 
influence at the end of the lock-in range. The calculated and 
measured oscillation frequency varies only little in the lock-in 
range. For this example the calculated ratio u>0/o>„ lies be
tween 0.990 and 1.004. The phase shift is displayed in Fig. 
6(b). For values of fl up to 1.2 the calculations are in good 
agreement with the measurements, and the rapid increase in 
the phase is well reproduced. The maximum values of </> are 
considerably higher in the calculation than in the 
measurements. 

Figure 7 shows the case with damping 3 = 0.00712. The 
calculated curves again more or less fit the points measured by 
Feng. A hysteresis effect was not observed by Feng for the 
high mechanical damping. The calculation predicted high 
oscillation amplitudes which were not observed in the ex
periments. These additional solutions are disconnected from 
the rest of the solutions. They form a kind of isolated 
"balloon." It would be interesting to know whether such 
amplitudes could be reproduced in experiments. 

Conclusion 

The method of forced displacement excitation enables the 
experimentator to vary the oscillation amplitude and 
frequency directly without feedback of the fluid forces on the 
motion. 

The amplitude responses of an elastically mounted cylinder 
in crossflow could be predicted in the lock-in range. Good 
agreement of the calculations was found with the 
measurements of Feng. 

The hysteresis effect corresponds to a range where multiple 
solutions are obtained. Further analysis should give evidence 
of the stability. These multiple solutions for constant fluid 
and structural parameters Q, a, 5 are only possible if the lift 
coefficient CLO and the phase <j> are nonlinear functions of the 
oscillation amplitude. 
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Generation and Size Distribution of 
Droplet in Annular Two-Phase 
Flow 
The mean droplet size and size distribution are important for detailed mechanistic 
modeling of annular two-phase flow. A large number of experimental data indicate 
that the standard Weber number criterion based on the relative velocity between 
droplets and gas flow predicts far too large droplet sizes. Therefore, it was 
postulated that the majority of the droplets were generated at the time of en
trainment and the size distribution was the direct reflection of the droplet en
trainment mechanism based on roll-wave shearing off. A detailed model of the 
droplet size in annular flow was then developed based on the above assumption. 
The correlations for the volume mean diameter as well as the size distribution were 
obtained in collaboration with a large number of experimental data. A comparison 
with experimental data indicated that indeed the postulated mechanism has been the 
dominant factor in determining the drop size. Furthermore, a large number of data 
can be successfully correlated by the present model. These correlations can supply 
accurate information on droplet size in annular flow which has not been available 
previously. 

Introduction 

An accurate knowledge of the mean droplet size and droplet 
size distribution is essential to the detailed analyses of droplet 
or annular dispersed flow. The inception of droplet en
trainment from the liquid film significantly changes the 
mechanisms of mass, momentum and energy transfer [1, 2]. 
The available interfacial area and droplet transport depend on 
the amount of entrainment and droplet size. Therefore, in 
order to accurately model and predict a number of important 
physical phenomena in annular dispersed flow, an un
derstanding of mechanisms of entrainment, generation of 
droplets and size distribution are prerequisite. In particular, 
the relative velocity and droplet carry-over, the dry out and 
post dryout heat transfer [3-7] and the effectiveness of the 
emergency core cooling in light water reactors [8-11] are 
significantly influenced by the amount of entrainment and 
droplet size. 

In view of its importance, a detailed modeling of amount of 
entrained droplet has been carried out recently [2] by con
sidering the entrainment mechanism of the shearing off of 
roll-wave crests by streaming gas flow. However, there have 
been no satisfactory correlations for the prediction of the 
mean droplet size and size distribution for annular dispersed 
flow. The lack of such a correlation has been one of the main 
difficulties of analyzing various important phenomena in 
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annular flow. The principal objective of this study, therefore, 
is to develop a reliable and simple predictive method for the 
mean droplet size as well as the droplet size distribution. A 
certain mechanistic modeling which is consistent with the 
previously developed onset of entrainment criterion and 
correlation for the amount of entrainment has been adopted 
here to obtain a general correlation with wide ranges of ap
plicability. Hence, the main mechanism of droplet generation 
considered here is the shearing off of the roll-wave crest by 
gas flow. 

In addition to the present model based on the entrainment 
mechanism, several existing droplet size criteria based on 
droplet disintegration have been reviewed in this study. As it 
becomes evident, the standard Weber number criterion ex
pressed in terms of the relative velocity between gas and 
droplet gives far too large droplet sizes in annular flow. This 
also indicates that the droplet size in annular flow is mainly 
determined at the time of entrainment. 

Droplet Generation Mechanisms 

Droplets can be generated by a number of different ways 
such as the liquid jet breakup, droplet disintegration and 
droplet entrainment from a body of liquid [1, 12-14]. The 
former two mechanisms have been reviewed in detail by 
Brodkey [12]. A liquid jet or sheet disintegrates into small 
droplets due to interfacial instabilities [15, 16]. 

Disintegration of droplets in a gas stream has been studied 
by a number of researchers [12, 13, 17-23]. Several different 
mechanisms of droplet breakup have been recognized. The 
mode by which the disintegration occurs depends on the initial 
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droplet size and the flow condition. A large free-falling drop 
initially becomes unstable due to the Taylor instability and 
then it is blown in by gas and disintegrates into fine droplets. 

A criterion for droplet disintegration can be expressed in 
terms of the Weber number defined by 

We = AD 
(i) 

where D is the droplet size. Then the criterion is given by a 
critical Weber number beyond which droplets disintegrate 
into small droplets. 

In the case of a falling drop, the critical Weber number is 
given [13, 17, 20] by 

We c=22 (falling drop) (2) 

However, direct observations of droplet sizes indicate that the 
critical diameter is approximately given [22, 24] by 

£>t.=(4~6)Vff7gAp (3) 

This value can be also obtained from the consideration of 
Taylor Instability [22]. On the other hand, the terminal 
velocity of a large drop [24, 25] is about 

^ ( 1 . 4 ~ 1 . 7 ) ( ^ ) ' / 4
 ( 4 ) 

Substituting equations (3) and (4) into equation (1), one gets 
the critical Weber number to be 

We,. = 8 -17 (5) 

This value is much smaller than the one given by equation (2), 
however, it is considered to be a more reliable criterion for 
large drops. 

When a dfoplet is suddenly exposed into a gas stream, 
violent shattering of droplets becomes possible. In this case, 
the critical Weber number is about 10 to 12 for low viscous 
fluids [13, 18, 20, 21]. However, a significant effect of the 
liquid viscosity has been observed. Thus Hinze [13] correlated 
it in terms of the viscosity group (/*}/ pjDd) as 

W e-1 2NJ-J°'3 6] (6) 

GAS FLOW 

Fig. 1 Mechanism of the shearing off of roll-wave 

,pf. 

Later some modification has been proposed [12] using the 
same dimensionless group as 

/ id \ °-8 

In view of equations (5) and (7), it may be concluded that the 
criterion given by equation (7) is a good general purpose 
correlation for droplet disintegrations in a gas stream. 

The third mechanism is the disintegration of fluid particles 
by strong turbulent motions of a continuous phase [13, 17]. 
This occurs mainly in bubbly flow or droplet in liquid flow. 
For highly turbulent flow, the value of the critical Weber 
number is given approximately [13, 17] by Wec = 1.2 — 2.5. 
It is noted that these critical Weber numbers are sensitive to 
flow conditions. For example, in a pulsating flow the value of 
Wec can be reduced by as much as 50 percent of the one given 
by equation (7). 

Another important but quite different type of generation of 
droplets is associated with entrainment of droplets at gas-
liquid interfaces [1, 2, 14]. In this case, the entrainment 
mechanisms can be grouped into two main categories, i.e., 
film entrainment and pool entrainment. A wavy liquid film 
can be entrained into gas flow in several different ways such 
as roll-wave shearing off, wave undercutting, droplet im
pingement and liquid bridge disintegration. For annular flow 
shearing off of the roll-wave crests is the most important 
entrainment mechanism [2, 14], see Fig. 1. The liquid bulge or 
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bridge disintegration is similar to the large droplet disin
tegration discussed above in terms of the critical Weber 
number. This mechanism may be important in counter-
current situations or near the churn to annular flow tran
sition. Wave undercutting occurs at very high gas flow and at 
low Reynolds numbers. Therefore, for highly viscous fluids, 
this is an important mechanism to consider [14]. 

Tatterson et al. [26] proposed a correlation for droplet size 
in annular-droplet flow, which is given by 

We(A,„,) = 0. KKJReJ-1 ( - ^ - ) ^ (8) 
V Dh apg / 

where Dh is hydraulic diameter of flow passage. This 
correlation is based on Kelvin Helmholtz instability at the top 
of ligament of liquid. However, in the highly turbulent gas 
core in annular-droplet flow, the potential flow assumption 
may not be applied. Consequently, equation (8) fails to 
correlate experimental data over a wide range of gas Reynolds 
number. 

As mentioned above, most of the droplets in annular two-
phase flow are produced by entrainment. There is very strong 
experimental evidence indicating that the drops are too small 
to be generated by the standard droplet disintegration 
mechanism. In other words, the critical Weber number based 
on the relative velocity between gas and drops gives much 
larger drop sizes than experimentally observed. Therefore, the 
majority of droplets should have been generated at the time of 
entrainment and not during the flight as droplets in gas flow. 
This implies that the relative velocity between the gas core 
flow and liquid film flow is the governing factor in deter
mining the droplet size. Furthermore, the dominant 
mechanism of entrainment in annular two-phase flow is 
shearing off of roll-wave crests by streaming gas flow. In view 
of these, a criterion for drop size in annular flow is derived by 
considering the roll-wave entrainment mechanism in the next 
section. 

Droplet Generation by Entrainment 

Ishii and Grolmes [14] have developed a criterion for 
droplet entrainment based on the shearing off of roll-wave for 
film Reynolds number > 160. At the gas velocity beyond the 
inception of entrainment, it can be considered that droplets 
are generated by the shearing off of roll-waves. Combined 
effects of entrainment and subsequent disintegration and 
coalescence of droplets produce a droplet size distribution. 
However, it is expected that droplet size distributions are 
mainly characterized by sizes of droplets which are entrained 
by the shearing off of roll-waves in annular flow. 

Theoretical estimation of a droplet size based on this 
mechanism will be discussed below. In Fig. 1, the mechanism 
of the shearing off of roll-wave is illustrated. The force 
balance on the ligament, which is about to be torn off, is given 
by 

TDo=~D1CD±pgj
2
g (9) 

Here D is the characteristic diameter and CD is the drag 
coefficient at the wave crest. The term -KDO is a surface 
tension force and the right hand side of equation (9) is a drag 
force acting on the ligament. Introducing Weber number, We 
( = PgJgD/a), equation (9) can be rewritten 

W e = ^ - (10) 

Now in what follows it will be shown that the drag coefficient, 
CD, is related to interfacial shear stress, T,. In a droplet an
nular two-phase flow, interfacial force per unit volume acting 
on dispersed phase, Mid, is given (Ishii and Chawla [27]) by 

r— WAVE REGION VOLUME Vw 

/ /-SURFACE AREA A, 

Fig. 2 Illustrative figure of a neighborhood of a wave region 

, , FDud adAd r 1 -i 
Mid = —p— = —^—^--CDpevr\vr\^ (11) 

where FD, ad, Vd, and Ad are drag force, volume fraction, 
volume and projected area of a typical particle. Assuming 
that droplets are spheres, one obtains 

~yf=i 02) 
where at is the interfacial area per unit volume. Then equation 
(11) becomes 

Mid = ~[-X-CDpevr\vr\\ (13) 

By considering a neighborhood of a wave region as illustrated 
in Fig. 2, the shear force per unit volume, MT, is given by 

r = —n—=aj„Ti (14) 
' w 

where aiw is the wave area per unit volume. In a wave region, 
the interfacial force acting on semidispersed phase, Mjd, is 
approximately equal to the shear force, MT. Therefore, from 
equations (13) and (14) one obtains 

[-l-CDpgvr\vr)]=4^Ti (15) 

When a liquid film on the wall is not so thick, the relative 
velocity between the mean gas flow and the film flow, vr, can 
be approximated by the gas flux, j g . Then the following 
simplification can be made; 

l-CDPgfg=4^ n (16) 
z a, 

For the interfacial shear force for a rough wavy regime, 
Wallis [24] presented the following simple correlation: 

T, = 0.005 [l+300 ̂ - - J i p ^ (17) 

where 5 is the average film thickness. 
In the entrainment regime beyond the critical gas velocity 

for the onset of entrainment, the amplitude of the wave crest 
should be the most important parameter for the description of 
Tj. Therefore, the above correlation is slightly modified by 
using the wave amplitude instead of the film thickness as 

r, = 0.005 [ l + C ^ ] ^ 

= 0 . 0 0 5 ^ . 1 ^ (18) 

The motion of the wave crest with respect to the film may be 
expressed by a shear flow model (Ishii and Grolmes [14]) as 

r ^ O / - ^ - (19) 

On the other hand, interfacial shear force can also be ex
pressed by the liquid friction factor as 
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Table 1 Summary of various experiments on droplet size distribution 

Reference 

Wicks and Dukler [29] (1966) 
Wicks [30] (1967) 

Fluids 

Air-Water 

Cousins and Hewitt [31] (1968) Air-Water 

Lindsted et al. [32] (1978) Air-Water 

Geometry Flow Direction Measurement 

1.9x15cm 
Channel 

0.95 cm 
Tube 

3.2 cm 
Tube 

Vertical Down 

Vertical Up 

Vertical Up 

Electrical 
Conductance 

Photography 

Photography 

Operational 
Condition 

1 atm 
Rey = 930 - 9700 

R e s = 6 . 6 ~ 1 7 x l 0 4 

2 atm 
Re, = 640-4200 

Reg = 3 . 6 - 6 . 2 x l 0 4 

1 atm 
Ref= 100-3500 v : 

^•g-

r,=f, 
pfvj 

(20) 

From equations (19) and (20) one can eliminate vf and obtain 
an expression for the amplitude as 

fl = V2CivJV JUL 1 
Pf V T, V/; 

A typical liquid friction factor can be obtained from the 
correlation for a film thickness given by Hughmark [28]. Thus 
for a relatively high Reynolds number regime of interest, 

(21) 

4f, = 1.13 Re/0-25 
(22) 

Substituting equations (21) and (22) into equation (18) a 
following expression for the interfacial shear force can be 
derived. 

/ 2C \ 2/3 

T, = 0.005C„ ( , w 1 8\1.13V0.005C„/ .13V0.005C„ 

1/3 

Re}/6Re~2/3 

-2/3 J 

Then in view of equations (16) and (23) the expression for the 
drag coefficient, CD, is obtained. 

a • / 2C \ 2/3 

Co = 0 . 0 2 ^ c / a-, 's\1.13V0.005Cg/ 

( - ) ' / 3 ( - ) 
V Or / \ Uf ' 

Re}/6Re-2/3 

Pf V-f 
(24) 

By substituting equation (24) into equation (2), the critical 
Weber number for the droplets entrained from wave crests 
can be obtained. 

We = 400 a± 1 /1.13V0.005C„\2/3 

( 2C ) Re,-|/6Re2 

( $ ) " " & 
(25) 

The foregoing expression indicates the significant dependence 
of the critical Weber number on the gas flux which does not 
exist in the case of disintegration in a gas stream. For prac
tical applications, the proportionality constant in the above 
equation should be correlated in collaboration with ex
perimental data. 

Mean Droplet Size and Size Distribution 

Several experiments have been carried out to study droplet 
size distributions in annular two-phase flow. Among these 
available data, Wicks and Dukler [29, 30], Cousins and 
Hewitt [31] and Linsted et al. [32] are used for the correlation 
purpose, because in their experiments liquid velocity and gas 
velocity have been varied systematically. The conditions of 
their experiments are described in Table 1. 

Droplet distribution can be characterized by various 

300 

100 

10 

~ r i i i i i i"( i i i i r "i i i j 

A WICKS 8 DUKLER 
• COUSINS a HEWITT 
x LINDSTED et al. 

W e (D» m r 

0.02779 Re^V^VWZ 

20 100 

Re 1/6D. 2/31 ^3 'Re„ 
•1/3 

1000 
2/3 

cg v/>f / W , 
Fig. 3 Comparison of volume median diameter correlation to various 
data 

representative diameters. In the present study, volume median 
diameter, Dum, is used as a representative diameter. 

The experimental data listed in Table 1 indicate that the 
volume median diameter decreases with increasing gas flux, 
j g , in a way Dvm ~ j ~ " where the power n is between 0.8 
(Lindsted et al. [32]), and 1.2 (Wicks and Dukler [29, 30] and 
Cousins and Hewitt [31]). This tendency is similar to that 
predicted by equation (25) where the droplet diameter 
decreases as the 4/3 power of the gas flux. Figure 3 shows 
experimental volume median diameter in We(Z5„,„) versus 
Re/ I / 6 Re2/3 (og/pf) ~1/3 (/ug/M/)2/3 plot. Most of these data 
fall within ± 40 percent of the following correlation. 

We(Dm„) = 0.028 Re/1/6 Re2/3 ( -^- ) " " ' ( - ^ ) ^ (26) 

where We(Z?„m) is the Weber number based on the volume 
median diameter. 

WeCD„m) = PgJlD«. (27) 

The above Weber number criterion can be rewritten in terms 
of the volume median diameter as 

-1/3 / „ \ 2/3 
(28) — Re-1/6Re2'3f-^V f-^Y 

This correlation indicates that the median diameter is 
proportional toyg"

4/3. On the other hand, the standard Weber 
number criterion implies that Dvm is proportional toy„"2. This 
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Fig. 7 Droplet size distributions at Re, =4669 for data of Wicks and 
Dukler [29,30] 

difference arises from the inclusion of the interaction between 
the liquid film and gas core flow in the present model. 

In Fig. 3, the data of Wicks and Dukler [29, 30] for Re ;/ 7500 (liquid flowrate > 0.504 Kg/s) are excluded because in 
these regions the liquid bridge extends across the channel 
width according to the authors. Tatterson et al. [26] measured 
droplet size distributions in an air-water annular flow in a 

horizontal rectangular channel. But their data show that 
volume median diameter increases with increasing gas flux. 
The mechanism of droplet formation should be quite dif
ferent in this case. One possibility is that the entrainment at 
the inlet has been the main mechanism of droplet generation. 
In view of these, their data were not used in the present 
analysis. 
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= 3.18 x10* for data of 

Comparing equations (25) and (26), one obtains 
/1.13V0.005Cyv 
V 2Cl / ' 4 0 0 — — = 0.028 (29) 

The order of magnitude of the interfacial area ratio a,/aiw can 
be estimated as follows. If the internal flow within the wave 
crest is laminar and similar to a pipe flow, then C„ ~ 8. The 

value of Cg is approximately 300 or less in view of the 
correlation of Wallis [24]. Using these values, the interfacial 
area ratio can be calculated from equation (29) as 

= 0.11 (30) 

Equation (30) implies that the interfacial area of the wave 
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region is about ten times as large as the interfacial area of the 
wave crests. Physically this indicates that the wave length is 
rather long in comparison with the film thickness. 

Now that volume median diameters are correlated by 
equation (26), it is expected that droplet size distribution can 
be correlated in terms of the similar dimensionless groups as 
used in equation (26). Figures 4 through 13 show droplet size 
distributions in We/X versus the volume fraction oversize, A, 
plot. Here the parameter X\% given by 

^ R e / i / 6 R e * / 3 ( tr 3 ( tr ^ 
and the volume fraction oversize A is defined as the volume 
fraction of droplets whose diameters are larger than D in
dicated by the Weber number We. Solid lines in Figs. 4 
through 13 represent equations (35) and (36) discussed below. 
Figures 4 through 7 show the data of Wicks and Dukler [29, 
30], Figs. 8 and 9 show the data of Cousins and Hewitt [31] 
and Figs. 10 through 12 show the data of Lindsted et al. [32]. 
Figure 13 shows all the data shown in Figs. 4 through 12 in 
one figure. As shown in these figures, most of the data for the 
examination of the droplet size distribution lie within ± 40 
percent of the mean values in the We/A" versus A coordinate. 

The mean values of the data in Fig. 13 are fitted to the 
upper limit log-normal distribution proposed by Mugele and 
Evans [33] and given by 

dA 

~dj 
= - -j=e 

Vir 
-<fj-r (32) 

Here £ is a distribution parameter, and y is defined in terms of 
the maximum diameter Z)max and volume median diameter 

as 

_y=ln 

k = 

kD 

D„ 

D„ 

-D 
(33) 

(34) 
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versus volume fraction oversize plot for data of Wicks and Dukler [29, 
30], Cousins and Hewitt [31] and Linsted et al. [32] 

The experimental data in Fig. 13 give £ = 0.884 and k = 2.13 
(i.e. Dmax/Dum = 3.13). The value of Dm„ has been correlated 
by equation (26). 

Therefore, one obtains a correlation for droplet 
distribution as 

with 

dA 

~dj 
°'884.e-oW 

V r̂ 

/ 2.13 D \ 
' = lnl I 

V Dmax-D J 

by 

D =3 13Z) 

(35) 

(36) 

(37) 

and Dvm is correlated by the Weber number correlation given 
by equation (26). By using equation (37) y can also be ex
pressed in terms of Dum as 

y=\ nU2A3D ) 
\3A3D„m-D/ 3A3Dvm-D; ( 3 8 ) 

The foregoing correlation for the droplet size distribution 
implies that the distribution can be uniquely determined by 
knowing the volume median diameter. Furthermore, the 
median diameter is a function of the gas and liquid fluxes as 
indicated by the correlation for £>„,„ given by equation (28). 

By knowing the size distribution the weighted mean 
diameter defined below can be calculated. 

P "max 

Jo D"f(D)dD 

r °max 
I D'"f(D)dD 

(39) 
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Table 2 Various mean diameters* 

Ratio of diameter A and diameter B 

\ A 
B \ 

Dvm 

^ m a x 

» i o 

0.313 

0.100 

D2o 

0.409 

0.131 

Dn 

0.533 

0.170 

D30 

0.510 

0.163 

£31 

0.650 

0.208 

£>32 

0.796 

0.254 

D43 

1.064 

0.340 

£>vm 

1.0 

0.320 

^ m a x 

3.129 

1.0 

*D\o\ Linear mean diameter 
D20', Surface mean diameter 
D2 i ; Surface diameter mean diameter 
D30; Volume mean diameter 
£>31; Volume diameter mean diameter 
D32; Sauter Mean diameter 
D43; De Brouckere mean diameter 

0.0 0.2 0.4 0.6 0.8 
VOLUME FRACTION OVERSIZE 

Fig. 14 Droplet size distributions in 

- 1/3 / „ \ 2/3 -

»/["*•£) (-)' 
versus volume fraction oversize plot for data of Wicks and Dukler [29, 
30], Cousins and Hewitt [31] and Lindsted et al. [32] 

where f(D) is a number density distribution function and 
related to the volume oversize function as follows 

1 dA 

& db 
f(D) 

f "max 1 dA 

Jo D^^DdD 

(40) 

Ratios of various mean diameters and Dum or DmM are listed 
in Table 2. 

As can be seen from equation (26) the Weber number is not 
a strong function of the liquid Reynolds number Rey. Thus 
for simplicity, the dependency of We on Re/ may be dropped 
in the correlation provided Re/ does not vary too widely. The 
range of the experimental data used in this study is from 100 
to 4700 and then R e / I / 6 ranges from 0.46 to 0.24. If we use 
the mean value i.e., 0.35 instead of Re / 1 / 6 , equation (26) 
reduces to 

1/3 

( * ) 

2/3 

In Fig. 14, experimental 
We/[Ref3 ( p ^ r ' ^ / M / ) 2 7 3 1 

We(ZJ„,„) = 0 .01Re^( — ) ( — ) < 4 1 > 
V-f 

data are plotted in 
>-g \fg'H/j \p-girj> J versus volume fraction 

oversize plane. The solid line in this figure is equation (35) 
where Dmn is given by equation (41). 

By comparing Figs. 13 and 14, it can be said that the 
simplified correlation given by equation (41) is as good as the 
one given by equation (26). This also justifies the sim
plification proposed above. In this case, the recommended 
volume median diameter becomes 

PgJl V Pf > V V-f ' 
Hence the average maximum droplet size is 

(42) 

D m a x = 0 . 0 3 1 — 2 R e r ( ^ ) " 1 / 3 ( ^ ) : (43) 
Jg • P/ ' \ V-f 

The actual distribution of droplet size is expressed by 
equations (35) and (36). These four equations describe the 
droplet size and size distribution in annular droplet flow. 

Conclusions 

(1) Based on the mechanism of the shearing off of the roll-
wave crests, the theoretical model given by equation (25) was 
obtained for the droplet size in annular gas-liquid two-phase 
flow. 

(2) The experimental data of volume median diameters 
were correlated within ± 40 percent errors by equation (26) 
which is derived from theoretical equation (25) in 
collaboration with data. 

(3) The experimental data of droplet size distributions were 
correlated within ± 40 percent errors in We/[Re/1 / 6 

Reg / 3(pg/p /)~ l / 3(^g//i /)
2 /3] versus volume fraction oversize 

coordinate which is obtained from the correlation for the 
mean diameter and the upper limit log-normal distribution 
function. 

(4) Upper limit log-normal distribution function fitted the 
experimental data with the distribution parameter £ = 0.884 
or the standard deviation of 0.800 andZ>max/Dmn = 3.13. 

(5) Simplified correlation for the volume median diameter 
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given by Dvm = Q.Ol (a/pgj
2
g) Re2/\Pg/pf)-

m( » g I A t / ) 2 / 3 

correlated the experimental data within ± 40 percent errors. 
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Investigation of Wall Induced Modifications 
to Vortex Shedding From a Circular 
Cylinder1 

Guido Buresti.2 The present paper may be considered a useful 
contribution to the analysis of the vortex shedding mechanism 
from a circular cylinder in wall effect. As pointed out by the 
authors, this situation has received comparatively little at
tention in the past, in spite of its practical importance. 

A very interesting point arising from this work is the small 
but clear increase in the vortex shedding frequency which was 
found for decreasing distance from the plane. This result is at 
variance not only with the hot wire measurements previously 
reported in [2] and [5], but also with the measurements of the 
fluctuating forces described in [11] and summarized in [12], 
and which were carried out with three different thicknesses of 
the boundary layer on the plane, viz. 5/D = 0.1, 0.45, 1.1; in 
that case only a the very lowest distances from the plane at 
which regular vortex shedding could still be observed, i.e., 
d/D — 0.3-0.4, could variation of the Strouhal number be 
observed, but with values of the same order as the ex
perimental uncertainty, i.e., lower than 3 percent. Par
ticularly striking in the present paper is that the increase in the 
vortex shedding frequency seems to start at distances as high 
as 2.0 or even 3.0 diameters, at which all previous in
vestigations had shown the cylinders to be in flow conditions 
practically coincident in all respects with the isolated cylinder 
case. Therefore it seems interesting to try to understand which 
of the differences in experimental conditions might be the 
cause of these discrepancies. To this end, some further in
formation from the authors might prove useful. 
- How did the Strouhal number values for the isolated 
cylinder cases compare with published data for similar 
Reynolds numbers? 
- Was the upstream velocity of the flow controlled in 
order to check that no variations occurred when the plane was 
moved towards the cylinder? 
- What was the criterion for the choice of the number 
(16) of spectra to be averaged to obtain good stationarity? 
Indeed, when the hot wire signals are taken in the irrotational 
flow outside the wake, as was done in [2] and [5], a very sharp 
peak in the spectra is found at the vortex shedding frequency, 
but in the present work the probe seemed to be positioned at 
y/D = 0.5, i.e., inside the separated wake, and this certainly 
increased the random turbulent content of the output signals 
and decreased their stationarity: this might explain why "the 
frequency of vortex shedding was not quite distinct." 
- Did the authors find any variation in the intensity and 
band width of the peaks in the spectra when the distance from 
the plane was varied? 

By F. Angrilli, S. Bergamaschi, and V. Cossalter, published in the 
December, 1982 issue of the JOURNAL OF FLUIDS ENGINEERING, Vol. 104, pp. 
518-522. 

Department of Aerospace Engineering, University of Pisa, Pisa, Italy. 

The possibility that compressibility effects be responsible 
for the differences between the present results and those 
obtained in wind tunnels, at Mach numbers lower than 0.05, 
seems to be extremely remote. Three-dimensional effects due 
to the presence of the water free surface, even if probably 
small, might be more important. The differences in boundary 
layer thickness cannot completely justify the discrepancies 
with the results of [5] and [11], either. Therefore, if other 
experimental causes can be excluded, the differences in 
Reynolds number might probably be considered as the most 
probable cause. In any case, this interesting paper certainly 
confirms two important points, viz. that the variations in 
Strouhal number induced by the presence of a plane are not 
large, and that one must always be very careful in drawing 
definite conclusions about vortex shedding, a challenging and 
still little understood fluid dynamic phenomenon! 

Additional References 
11 Buresti O., and Lanciotti A., "Azioni fluidodinamiche su cilindri cir-

colari in presenza del suolo investiti da correnti trasversali," Institute of 
Aeronautics of the University of Pisa, DIA 77-5, Nov. 1977. 

12 Bruschi, R. M., Buresti G., Castoldi A., and Migliavacca E., "Vortex 
Shedding Oscillations for Submarine Pipelines: Comparison Between Full-
Scale Experiments and Analytical Models," Offshore Technology Conference, 
Houston, 1982, paper OTC 4232. 

M. M. Zdravkovich.3 The new results obtained by Angrilli 
and coauthors has provided additional information related to 
the Strouhal number as affected by the vicinity of a parrallel 
wall. The experiments were carried out in the Reynolds 
number range from 2860 to 7641 which could be termed as the 
lower subcritical range. The increase of Strouhal number with 
decreasing the gap to diameter ratio was in variance with the 
constant Strouhal number found in the upper subcritical 
range from 2.15 x 104 to 2 x 105 in (2) and (5). However 
Shaw [13] estimated the shedding frequency behind the cir
cular cylinder in a water channel by using surface flow 
visualization and found systematic increase of Strouhal 
number with decreasing gap to diameter ratio. The Reynolds 
number range was lower subcritical overlapping with that of 
the authors. Hence it appeared that the effect of the wall 
vicinity on the Strouhal number was different in the lower and 
upper subcritical range. 

The peculiar feature of the lower subcritical range has been 
noted by Schiller and Linke [14] in 1933. They showed 
convincingly by measuring static pressure profile across the 
nearwake that the length of the vortex formation region was 
drastically reduced as the Reynolds number increased from 2 
x 103 to 1.4 x 104. This finding was verified by Bloor and 

Reader, Department of Aeronautical and Mechanical Engineering, University 
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Gerrard [9] by using three different methods to determine the 
length of the vortex formation region. The drag coefficient 
increased from 0.9 to 1.15 within the same Reynolds number 
range [14]. However, the reduction of the formation length 
and the increase of drag coefficient were also promoted at 
lower Reynolds numbers by attaching thin trip wires at 90 deg 
from the stagnation point [14]. It may be argued that the rise 
in Strouhal numbers observed by the present authors was 
produced by the shrink of the nearwake as triggered by the 
wall proximity. The confirmation of this argument appeared 
in the last statement of the conclusions by the authors. 

The authors tried to compare their results with those 
reported by Goktun [15] and measured at Re = 1.53 x 105. 
The smaller increase in Strouhal number, f/f0 = 1.04, found 
by Goktun [15] at &/D = 0.5 had different physical origin. The 
upper end of the subcritical range led to the precritical 
beginning of transition to turbulence in the boundary layers. 
The latter started to displace the separation points on the 
cylinder in the downstream direction and the resulting 
narrower nearwake produced slight increase in the Strouhal 
number. 

Finally I have two questions to the authors: 
1. What was the actual value of the Strouhal numbers 

measured on isolated cylinders at the three Reynolds numbers 
tested? 

2. Whether the departure between curves b and c in Fig. 10 
was more pronounced when &/D was decreased below one. 

Additional References 
13 Shaw, T. L., "Wake Dynamics of Two-Dimensional Structures in 

Confined Flow," Proceedings 14th Congress 1AUR, 1971. Vol. 2, pp. 41-48. 
14 Schiller, L., and Linke, W., "Pressure and Friction Drag of Cylinders at 

Reynolds Numbers 5,000 to 40,000 (in German)," Zeitschrift fur Flugtechnik 
andMotorluftschiffahrt, Vol. 24, No. 7, 1933, pp. 143-148. 

15 Goktun, S., "The Drag and Lift Characteristics of a Cylinder placed near 
a Plane Surface," MSc thesis, Naval Postgraduate School, Monterey, Calif., 
1975. 

Authors' Closure 

The authors wish to thank G. Buresti and M. M. Zdravkovich 
for their discussions. 
The questions which have been formulated are mostly related 
to some aspects of the experimental procedure, so that the 
response will try to clarify each point separately. 
- No appreciable variation of the Strouhal number with Re 

was detected for the isolated cylinders. In fact the dif
ferences were in the range of uncertainty of the velocity 
( ± 4 percent) and frequency measurements (0.7-s-2 percent 
depending on the frequency value) and the values varied 
from 0.202 to 0.216. 

- T h e upstream water velocity was controlled and no 
detectable variation could be found as a function of the gap 
size. 

- T h e number of spectra to be averaged was chosen to be 16 
because this was the minimum in order to achieve perfect 
repeatibility in relation to the amplitude and frequency 
resolution of the F.F.T. analyzer. The probe was positioned 
around y/D = 0.5 because this location was found to be the 
one where the peaks in the frequency spectra were the 
sharpest. 

- No systematic variation of the bandwidth of the peaks was 
found (see Fig. 4 for an example). 

- T h e authors did not perform systematic measurements on 
the maximum value of 6 at values of d/D different from 
one. This was because the determination of each point was 
very time consuming, requiring the processing of data 
obtained after about 120 minutes of data acquisition. 

Effects of Surface Solidification on the 
Stability of Multilayered Liquid Films1 

F. I. P. Smith.2 This paper extends the work of earlier 
papers the author had written conjointly. Here, the up
permost layer now has a solidified liquid-air interface which 
has the effect of stabilizing interfacial shear waves or 
destabilizing gravity-capillary waves associated with top-
heavy stratification. 

It would be of interest if the author had compared his result 
by taking /? = 0 with that of Yih who found instability 
generated by viscosity variation in superposed layers flowing 
horizontally. Yih has a section on moving upper boundaries 
and concludes with a fairly detailed discussion on the various 
effects arising. Yih, C. S., "Instability due, to Variation of 
Viscosity," Journal of Fluid Mechanics, Vol. 27, 1967, p. 
337. 

(In the preprint examined an obvious error has crept into 
the second last sentence in the paragraph containing equation 
(6).) 

Author's Closure 

The author is grateful to Dr. Smith for pointing out an 
obvious error in the second to last sentence in the paragraph 
containing equation (6) of the original manuscript. The right 
sides of the inequality signs in this sentence should have been 
1 instead of 0. As to the suggestion that we compare the 
results for 0 = 0 and y2 = 1 with that of Yih, we point out that 
there will be no flow when /S—0 in our problem. While the 
present flow is driven by gravity the flow studied by Yih was 
driven by external shear force or pressure gradient. 

I Simple and Explicit Formulas for the 
I Friction Factor in Turbulent Pipe Flow1 

Don J. Wood.2 It appears that this paper incorrectly claims 
the presentation of a significantly improved explicit friction 
factor formula. The statement that all the existing explicit 
equations are either simple and not accurate or accurate and 
not simple is refuted by the author himself in the paper. The 
equation presented by Swamee and Jain in reference [4] is 
certainly equivalent in simplicity to the one offered by the 
author and the claim of superior accuracy for the author's 
relation is simply not significant. The author states that his 
relation has maximum error of 1.5 percent compared to the 
Colebrook-White formula while the Swamee-Jain relation has 
a maximum error of nearly 3 percent. The author further 
states that Colebrook-White formula may be 3-5 percent or 
more in error compared to experimental results. Based on this 
reasoning it does not appear that the author contribution is of 
any great significance, since the Swamee-Jain formula is a 
more than adequate relationship. The author does present a 
formula for the smooth to rough transition which appears to 
represent the transitions well. However, it includes a factor n 

By S. P. Lin, published in the March, 1983 issue of the JOURNAL OF FLUIDS 
ENGINEERING, Vol. 105, pp. 119-121. 

Department of Applied Mathematics, University of St. Andrews, Scotland. 
' b y S. E. Haaland, published in the March, 1983 issue of the JOURNAL OF 

FLUIDS ENGINEERING, Vol. 105, pp. 89-90. 
2Department of Civil Engineering, University of Kentucky, Lexington, KY. 

40506. 

242/Vol. 105, JUNE 1983 Transactions of the ASME 

Downloaded 02 Jun 2010 to 171.66.16.90. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Gerrard [9] by using three different methods to determine the 
length of the vortex formation region. The drag coefficient 
increased from 0.9 to 1.15 within the same Reynolds number 
range [14]. However, the reduction of the formation length 
and the increase of drag coefficient were also promoted at 
lower Reynolds numbers by attaching thin trip wires at 90 deg 
from the stagnation point [14]. It may be argued that the rise 
in Strouhal numbers observed by the present authors was 
produced by the shrink of the nearwake as triggered by the 
wall proximity. The confirmation of this argument appeared 
in the last statement of the conclusions by the authors. 

The authors tried to compare their results with those 
reported by Goktun [15] and measured at Re = 1.53 x 105. 
The smaller increase in Strouhal number, f/f0 = 1.04, found 
by Goktun [15] at &/D = 0.5 had different physical origin. The 
upper end of the subcritical range led to the precritical 
beginning of transition to turbulence in the boundary layers. 
The latter started to displace the separation points on the 
cylinder in the downstream direction and the resulting 
narrower nearwake produced slight increase in the Strouhal 
number. 

Finally I have two questions to the authors: 
1. What was the actual value of the Strouhal numbers 

measured on isolated cylinders at the three Reynolds numbers 
tested? 

2. Whether the departure between curves b and c in Fig. 10 
was more pronounced when &/D was decreased below one. 
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for their discussions. 
The questions which have been formulated are mostly related 
to some aspects of the experimental procedure, so that the 
response will try to clarify each point separately. 
- No appreciable variation of the Strouhal number with Re 

was detected for the isolated cylinders. In fact the dif
ferences were in the range of uncertainty of the velocity 
( ± 4 percent) and frequency measurements (0.7-s-2 percent 
depending on the frequency value) and the values varied 
from 0.202 to 0.216. 

- T h e upstream water velocity was controlled and no 
detectable variation could be found as a function of the gap 
size. 

- T h e number of spectra to be averaged was chosen to be 16 
because this was the minimum in order to achieve perfect 
repeatibility in relation to the amplitude and frequency 
resolution of the F.F.T. analyzer. The probe was positioned 
around y/D = 0.5 because this location was found to be the 
one where the peaks in the frequency spectra were the 
sharpest. 

- No systematic variation of the bandwidth of the peaks was 
found (see Fig. 4 for an example). 

- T h e authors did not perform systematic measurements on 
the maximum value of 6 at values of d/D different from 
one. This was because the determination of each point was 
very time consuming, requiring the processing of data 
obtained after about 120 minutes of data acquisition. 

Effects of Surface Solidification on the 
Stability of Multilayered Liquid Films1 

F. I. P. Smith.2 This paper extends the work of earlier 
papers the author had written conjointly. Here, the up
permost layer now has a solidified liquid-air interface which 
has the effect of stabilizing interfacial shear waves or 
destabilizing gravity-capillary waves associated with top-
heavy stratification. 

It would be of interest if the author had compared his result 
by taking /? = 0 with that of Yih who found instability 
generated by viscosity variation in superposed layers flowing 
horizontally. Yih has a section on moving upper boundaries 
and concludes with a fairly detailed discussion on the various 
effects arising. Yih, C. S., "Instability due, to Variation of 
Viscosity," Journal of Fluid Mechanics, Vol. 27, 1967, p. 
337. 

(In the preprint examined an obvious error has crept into 
the second last sentence in the paragraph containing equation 
(6).) 

Author's Closure 

The author is grateful to Dr. Smith for pointing out an 
obvious error in the second to last sentence in the paragraph 
containing equation (6) of the original manuscript. The right 
sides of the inequality signs in this sentence should have been 
1 instead of 0. As to the suggestion that we compare the 
results for 0 = 0 and y2 = 1 with that of Yih, we point out that 
there will be no flow when /S—0 in our problem. While the 
present flow is driven by gravity the flow studied by Yih was 
driven by external shear force or pressure gradient. 

I Simple and Explicit Formulas for the 
I Friction Factor in Turbulent Pipe Flow1 

Don J. Wood.2 It appears that this paper incorrectly claims 
the presentation of a significantly improved explicit friction 
factor formula. The statement that all the existing explicit 
equations are either simple and not accurate or accurate and 
not simple is refuted by the author himself in the paper. The 
equation presented by Swamee and Jain in reference [4] is 
certainly equivalent in simplicity to the one offered by the 
author and the claim of superior accuracy for the author's 
relation is simply not significant. The author states that his 
relation has maximum error of 1.5 percent compared to the 
Colebrook-White formula while the Swamee-Jain relation has 
a maximum error of nearly 3 percent. The author further 
states that Colebrook-White formula may be 3-5 percent or 
more in error compared to experimental results. Based on this 
reasoning it does not appear that the author contribution is of 
any great significance, since the Swamee-Jain formula is a 
more than adequate relationship. The author does present a 
formula for the smooth to rough transition which appears to 
represent the transitions well. However, it includes a factor n 
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which apparently varies from situation to situation and 
therefore limits the value of this formula. 

Author's Closure 

The author agrees with Mr. Wood that the present work is a 
minute contribution to knowledge - but to give a significant 
contribution to knowledge was not the purpose of the note. 
Rather the formulas given are offered more as a service to the 
engineering community which use formulas for the friction 
factor in their work. It is simply a contribution in trying to 
make simple, explicit formulas more widely known because 
they may be of value to a large number of people. 

I agree with Mr. Wood that the formula given by Swamee 
and Jain is also a simple and useful formula, but it is less 
accurate than the present one in the domain of small Reynolds 
numbers and large values of the relative roughness. I disagree 
with Mr. Wood's statement about the generalized formula. It 
is the freedom of choice of the exponent n which makes it 
useful. For the practical application mentioned, to model the 
recommendation given by AGA which accomodates newer 
experimental results for very large Reynolds numbers and 
very small relative roughness, the choice of « = 3 was made, 
but, for example, n = 4 would serve just as well. 

I regret that I did not know about the work of Swamee and 
Jain before the second revision of the note, although I knew 
of the formula in question since I had found it myself. Instead 
of changing the note completely it was decided to make a 
reference to the work of Swamee and Jain in a single 
paragraph. However, it seems like a waste to bicker about 
"who made the greater contribution to knowledge" when 
there is so little to speak of in the first place. The important 
thing seems to be to make these simple, explicit formulas 
known to the mechanical engineering community. 

Three-Dimensional Body-Fitted Coordinates 
for Turbomaehine Applications1 

C. Wayne Mastin.2 The authors have applied the multigrid 
algorithm to the three-dimensional grid generation equations 
with only a modest increase in convergence rates. Since the 
equations to be solved are nonlinear, it was noted that the 
determination of optimal relaxation parameters and con
vergence rates is not feasible. However, a few general remarks 
on the iterative solution of elliptic equations will most likely 
clarify the numerical results of the authors and indicate cases 
where the multigrid method would be more effective. First of 
all, even the finest grid has a relatively large grid spacing when 
compared with the two-dimensional problem in reference [5]. 
The grids which are plotted also indicate that the forcing 
functions were not very large. Under these conditions no 
acceleration procedure would produce drastic increases in 
rates of convergence. Indeed, this can be observed by noting 
the small changes in convergence rates of the point SOR when 
the relaxation factor is changed. The multigrid method would 
be more appropriate on grids with more points and on grids 
generated by using larger forcing functions, since both of 
these conditions will decrease the convergence rate of point 
SOR. The efficiency of the scheme might also be improved by 
selecting the relaxation factor based on the size of the grid 

By R. Camarero and M. Reggio, published in the March, 1983 issue of the 
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rather than use a constant factor throughout the multigrid 
cycle. Recall that the optimal point SOR relaxation factor for 
the solution of Laplace's equation varies from slightly over 1 
on a coarse grid to almost 2 on a fine grid. Thus it might be 
profitable to use a smaller relaxation factor on the coarser 
grids. 

Frank C. Thames.3 The authors applied the multigrid 
technique (reference [1]) to accelerate the solution of the 
three-dimensional grid generation equations (reference [2]). 
These equations are coupled, quasilinear, and, usually stiff. 
In short, they are difficult to solve efficiently. Although the 
authors' purpose was laudable, their effort did not succeed. 
This is easily seen by a brief analysis of Fig. 7 in which the 
multigrid and SOR convergence histories are compared when 
optimum acceleration parameters, W, are used for each 
method. These data show that the rate of residual reduction 
(as implied by the slope of the Residual Norm versus Work 
Units curve) is the same for both methods. That is, the SOR 
method with optimum W is just as "fast" as the multigrid 
scheme with optimum W. The convergence history com
parisons given in Figs. 4 through 6 are irrelevant since 
nonoptimum Ws are used for one or the other method. 

There are two reasons why the authors were unsuccessful in 
applying multigrid to the grid problem. First, the cycling 
algorithm they chose to implement (designated cycle A in 
reference [1]) is not as efficient as cycle C for nonlinear 
problems. Details of cycle C may be found in reference [1]. 
Second, the authors totally neglected perhaps the most im
portant aspect of the multigrid algorithm - the smoothing 
ability of the relaxation method used to drive the multigrid 
cycle. This ability is given quantitative measure by the 
smoothing factor, /*, defined in reference [1] as 

where g(9x,6y,dz) is the von Neumann damping ratio of the 
relaxation method being used. Note that ti measures the 
relaxation scheme's ability to damp (smooth) high frequency 
error components in the solution. Based upon this writer's 
calculations, a /x of 0.8 is the best SOR can attain for the 
three-dimensional grid problem. This value will rapidly 
deteriorate toward 1.0 as the number of unknowns is in
creased or if a severe grid stretch is involved. Moreover, SOR 
becomes unstable in the low frequencies for a somewhat 
moderately skewed grid (cross derivative terms in equations 
(4) through (6) become large). Note that the grids in the paper 
were rather badly skewed (Figs. 8 and 9). The authors 
avoided, to some extent, the poor smoothing factor problems 
of SOR in two ways: (1) Only very small grids - 1377 points 
(17 x 9 x 9) - were generated. Typical, "small" three-
dimensional grids have about 30,000 points. (2) The authors 
used to stretching functions (P, Q, and R in equations (4) 
through (6)). Thus, the adverse effects of stretching and first 
derivatives on /x were avoided. In summary, the poor per
formance of the multigrid scheme seen by the authors does 
not result" . . .from the poor interpolation scheme as well as 
the small number of grids." Rather, the poor performance is 
due to the inadequate smoothing factor of the SOR method. 
The most probable value of n for their results is 0.95 - which is 
poor. A value of /x this large causes multigrid to run as if only 
the fine grid was being relaxed which is consistent with the 
authors' observation: " . . .it was found that the only im
portant factor is the number of sweepts on the finest grid." 
The three-dimensional ADI method [3] on the other hand, is 
capable of attaining values of ft = 0.6. The method is well 
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documented and is a trivial, straightforward extension of the 
two-dimensional version. 

Additional References 

1 Brandt, A., "Multi-Level Adaptive Solutions to Boundary-Value 
Problems," Mathematics of Computation, Vol. 31, No. 133, Apr. 1.977, pp. 
333-390. 

2 Mastin, C. W., and Thompson, J. F., "Transformation of Three-
Dimensional Regions onto Rectangular Regions by Elliptic Systems," 
NumerischeMathematik, Vol. 29, 1978, pp. 397-407. 

3 Dwoyer, D. L., and Thames, F. C , "Accuracy and Stability of Time-
Split Finite Difference Schemes," AIAA Paper No. 81-1005, June 1981. 

Authors' Closure 

In agreement with Professor Mastin's comment, it has been 
the authors' experience that the convergence of the multigrid 
algorithm is improved when the number of points on the 
finest grid, and consequently the number of available grids, is 
increased. However due to the excessive memory, and to a 
lesser extent, computing time requirement this was not 
feasible for the three-dimensional configurations studied in 
the present work. The suggestion of using a different 
relaxation factor for each grid would likely improve the 
convergence of the overall multigrid scheme and we agree 
with the reasons given by Professor Mastin. It is our im
pression that the search for a combination of such factors to 
yield an "optimum" strategy would be time consuming. 

The effectiveness of the multigrid scheme as pointed out by 
Mr. Thames also depends on the smoothing ability of the 
basic relaxation scheme and on the particular multigrid cycle 
used. Both of these have been investigated to some extend. 
For example line relaxation, and alternating line and column 
relaxation when applied to the two-dimensional problem were 
found [1] to improve the convergence. Similar findings 
resulted when applying cycle C [2], Both of these im
provements result in increased programming complexity and 
it is difficult to assess the correct trade-off between these 
additional difficulties and the improvements in the smoothing 
factor, 11. 

In attempting to produce grids with less distortion, nonzero 
stretching functions P, Q and R were obtained from the 
values of these evaluated at the boundaries and interpolated 
within the domain as suggested by reference [3]. A systematic 
and consistent method could not be found by the present 
authors and it is suggested a better approach would be to let 
the boundary nodes where Dirichlet conditions are applied 
free to move in such a way as to keep the stretching functions 
zero. 

Additional References 
1 Hameury, M., and Camarero, R., "G&neration numerique de maillages 

avec dilatation par la methode multigrid," Ecole Polytechnique EP81-R-3, Jan. 
1981. 

2 Lacroix, M., Camarero, R., and Tapucu, A., "A Multigrid Scheme for 
the Thermohydraulics of a Blocked Channel," Thermal-Hydraulics of Nuclear 
Physics, Ed. M. Merilo, American Nuclear Society, 1983, pp. 461-469. 

3 Thomas, P. D., "Composite Three-Dimensional Grids Generated by 
Elliptic Systems," ,4M/l./o»/-., Vol. 20, 1982, pp. 1195-1202. 

Non-Newtonian Liquid Blade Coating 
Process1 

Brian G. Higgins.2 The concept of imposing a prescribed 
pressure drop across a coating applicator to control coating 

By S. S. Hwang, published in the December, 1982, issue of the JOURNAL OF 
FLUIDS ENGINEERING, Vol. 104, pp. 469-474. 

The Institute of Paper Chemistry, Appleton, Wl 54912. 

thickness was described by Beguin [8] in a patent nearly 30 
years ago. However, the theoretical underpinnings of such a 
strategy were addressed only quite recently in the open 
literature (Ruschak [4], Higgins and Scriven [9]). Dr. Hwang 
takes the concept still further by applying it to blade coaters. 
His work is thus a welcomed addition to the coating literature, 
especially since, unlike his predecessors, it is supported in part 
by experimental data, a rare accomplishment given the 
proprietary nature of the coating industry. 

Dr. Hwang has provided an approximate analysis of a 
complex free surface flow problem which agrees surprisingly 
well with experimental data. This is encouraging for others 
working in the field and the author is to be congratulated for 
his efforts. There are, however, a number of uncertainties 
concerning the range of validity of the author's analysis that 
should be pointed out, especially for those readers who are 
interested in applying his approximate analysis to related 
problems. 

Equation (22), the basis for the author's pressure drop 
calculations, is undefined for noninteger values of the power 
law exponent n when the local gap width of the channel h (x) 
is less than twice the final film thickness h0. This deficiency in 
the analysis arises because of an approximation made by the 
author in the integration of equation (4) as given in the Ap
pendix. It can be removed, however, by accounting correctly 
for the absolute sign in equation (9) and subsequent equations 
given thereafter; the correct procedure for handling the ab
solute sign is given by Flumerfeldt, et al. [10]. Note in 
Hwang's experiment h(x) >2h0 except when the coater was 
operated at zero or close to zero vacuum [Fig. 3]. Thus for his 
study the approximation made in the Appendix appears to be 
adequate. 

The applicability of the lubrication approximation for the 
analysis of coating flows is another area of uncertainty. It 
follows from the data given in Fig. 3 that the quantity BC/hi0 

(blade length/minimum gap width) was never greater than 
five in Hwang's experiments, and indeed in one experiment it 
was as low as 2.3. Since the development lengths (inlet port 
and exit effects) for nearly rectilinear flow beneath the blade 
are of the order of one to two gap widths (Silliman [11], 
Silliman and Scriven [12]), it is unlikely that the lubrication 
approximation can always be justified for experiments of this 
type. The good agreement between theory and experiment 
displayed in Fig. 3 for BC/h30= 2.3 may be fortuituous or it 
may be supporting evidence for Ruschak's [4] limiting case, 
i.e., the imposed pressure drop is balanced almost entirely by 
capillary pressure of the upstream and downstream menisci, 
viscous pressure drop being unimportant. 

When viscous pressure drop is important and the 
lubrication approximation cannot be justified, numerical 
simulation is often in order. Numerical simulation of steady 
Newtonian flow with a free surface is now feasible and in 
some research laboratories quite routine. For example, Saito 
and Scriven [13] have recently undertaken a detailed analysis 
of slot coating, a close relative of blade coating, using the 
Galerkin finite element method. In that study, ap
proximations of the type made by Hwang and others are 
examined and their range of validity established. 

Additional References 
8 Beguin, A. E., U.S. Patent 2,681,294, 1954. 
9 Higgins, B. G., and Scriven, L. E., "Capillary Pressure and Viscous 
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takes the concept still further by applying it to blade coaters. 
His work is thus a welcomed addition to the coating literature, 
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well with experimental data. This is encouraging for others 
working in the field and the author is to be congratulated for 
his efforts. There are, however, a number of uncertainties 
concerning the range of validity of the author's analysis that 
should be pointed out, especially for those readers who are 
interested in applying his approximate analysis to related 
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Equation (22), the basis for the author's pressure drop 
calculations, is undefined for noninteger values of the power 
law exponent n when the local gap width of the channel h (x) 
is less than twice the final film thickness h0. This deficiency in 
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study the approximation made in the Appendix appears to be 
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was as low as 2.3. Since the development lengths (inlet port 
and exit effects) for nearly rectilinear flow beneath the blade 
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type. The good agreement between theory and experiment 
displayed in Fig. 3 for BC/h30= 2.3 may be fortuituous or it 
may be supporting evidence for Ruschak's [4] limiting case, 
i.e., the imposed pressure drop is balanced almost entirely by 
capillary pressure of the upstream and downstream menisci, 
viscous pressure drop being unimportant. 

When viscous pressure drop is important and the 
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simulation is often in order. Numerical simulation of steady 
Newtonian flow with a free surface is now feasible and in 
some research laboratories quite routine. For example, Saito 
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of slot coating, a close relative of blade coating, using the 
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Author's Closure 

The author appreciates the complimentary remarks by the 
discusser. Criticism can be made to non-Newtonian power law 
fluids on dimension and sign. The confusion with sign occurs 
when the shear rate is negative (reverse flow) and the power 
law exponent n is less than one and noninteger values. Some 
researchers [7, 14, 15] prefer to use the absolute sign as in 
equation (9). Others [16] completely ignore the absolute sign. 
When a reverse flow or dp/dx exists, it is preferred to use 
Newtonian flow for determining the signs. Using the absolute 
sign in equation (9) doesn't alleviate the problem in the 
Appendix. In fact, without the approximation made in the 
Appendix, u3 will not be able to be expressed analytically. 
Subsequently, we won't be able to represent equation (22) 
analytically. 

According to H. Schlichting [6, p. 170], the fully developed 
flow is formed at about x = 0.16 p uwh23/ij.. For the worst 
case which I have presented in the paper, p = 830 kg/m3, 
w,v=89 mm/s, A3 = 0.28 mm, /x = 0.04 pascal-s; therefore, 
x = 0.023 mm. Given the geometry of the device with blade 
length BC = 0.64 mm, 96 percent of the flow in region 3 are in 

fact fully developed. Tuntiblarphol and Tallmadge's [2] 
experimental work shows that the deviations at BC/hi0 of 1 
from even the simplest lubrication theory are relatively small. 
Only at high imposed pressure difference, the pressure drop is 
balanced almost entirely by capillary pressure. The paper 
presents the cases with the imposed pressure difference 
ranging from 0 to 1400 pascal. Ruschak's [4] assumption of 
the upper and lower free surfaces being pinned on the edges of 
the applicator does not apply to most of the practical cases. 
This was also confirmed by Saito and Scriven [13] with finite 
element method. 

As the discusser pointed out, Saito and Scriven [13] have 
undertaken numerical simulation of steady Newtonian flow 
only. The author presents an attempt to solve non-Newtonian 
flow in blade coatings. 
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